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Covariance Matrix

Ø  Covariance matrix captures the redundancies between data points (features) 

• Brain datasets: some areas of the brain activate together

• Financial datasets: stock prices fluctuate in tandem

• Traffic datasets: traffic volume is correlated across intersections
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Learning with covariances
Capture latent relationships between data points

↭ Data usually contains hidden interconnections
→ Some areas in the brain activate together
→ The value of some stocks over time might vary similarly
→ The tra!c level at di"erent intersections is related

↭ One way to capture these relations is through the covariance matrix
→ Consider a RV x ↑ RN

→ The covariance is C = E[(x↓ µ)(x↓ µ)T], where µ = E[x]
→ In practice, we work on estimates µ̂ =

∑t
t→=1 xt→/t and Ĉ =

∑t
t→=1(xt→ ↓ µ̂)(xt→ ↓ µ̂)T/t

Brain Financial Tra!cBrain
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Covariance Matrix
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Ø  Evaluating a covariance matrix

• Consider a random variable

• The covariance is 

• In practice, we have sample covariance matrix (an estimate)

                   𝑛: number of samples (size of a dataset)                       

<latexit sha1_base64="c6hkOBfoElwTSqYXeZkECmylt0s="></latexit>

C = E[(x→ µ)(x→ µ)T], where µ = E[x]

<latexit sha1_base64="WQZDE+HFytapoSFYOYmHbQPQpwc="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T, where µ̂ =
1

n

n∑

i=1

xi

<latexit sha1_base64="63cYCcrz0qY8PouTxNVD6HZpFYQ=">AAACAXicbVDLSsNAFJ34rPUVdSO4GSyCq5KIVJdFNy6r2Ac0sUymk3bozCTMTMQS4sZfceNCEbf+hTv/xkmbhbYeuHA4517uvSeIGVXacb6thcWl5ZXV0lp5fWNza9ve2W2pKJGYNHHEItkJkCKMCtLUVDPSiSVBPGCkHYwuc799T6SikbjV45j4HA0EDSlG2kg9ez/1ghA+ZNCjAnoc6WEQpDfZHe/ZFafqTADniVuQCijQ6NlfXj/CCSdCY4aU6rpOrP0USU0xI1nZSxSJER6hAekaKhAnyk8nH2TwyCh9GEbSlNBwov6eSBFXaswD05nfqGa9XPzP6yY6PPdTKuJEE4Gni8KEQR3BPA7Yp5JgzcaGICypuRXiIZIIaxNa2YTgzr48T1onVbdWrV2fVuoXRRwlcAAOwTFwwRmogyvQAE2AwSN4Bq/gzXqyXqx362PaumAVM3vgD6zPHxImlqw=</latexit>

x → Rm
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Covariance Matrix
Ø  Covariance matrix encodes redundancies between different features in data

𝜎	"(𝑟#) 𝜎	 (𝑟#, 𝑟")

𝜎	 (𝑟#, 𝑟") 𝜎	"(𝑟")

Covariance matrix 
(2-feature dataset) a b

d

c

e f

++

<latexit sha1_base64="S/csQVEJ8+HIETZwQQ7nvl/XU4Q="></latexit>

⇢ = 0.486 (p-value = 1.57⇥ 10�37)
<latexit sha1_base64="NYXWpwLd49DLdIXccPECVxmLpDo="></latexit>

⇢ = 0.28 (p-value = 7.2⇥ 10�5)

Feature 𝑟"

Feature	𝑟#

a b

d

c

e f

++

<latexit sha1_base64="S/csQVEJ8+HIETZwQQ7nvl/XU4Q="></latexit>

⇢ = 0.486 (p-value = 1.57⇥ 10�37)
<latexit sha1_base64="NYXWpwLd49DLdIXccPECVxmLpDo="></latexit>

⇢ = 0.28 (p-value = 7.2⇥ 10�5)

Low redundancy 
(smaller 𝜎	 (𝑟#, 𝑟")) 

High redundancy 
(higher 𝜎	 (𝑟#, 𝑟")) 

Feature 𝑟"

Feature	𝑟#

Covariance Matrix
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𝜎	 (𝑟#, 𝑟") = how features 𝑟# and 𝑟" vary with respect to each other
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Covariance matrices are widespread in signal processing and machine learning

Ø Principal component analysis (PCA)
• Eigenvectors of the covariance matrix form principal components (PCs)
• PCs inform the shape of a dataset (directions of variance)
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Learning with covariances
Popular applications

↭ Covariances are widespread in signal processing and machine learning applications
↭ Principal Component Analysis (PCA)

→ Transformation to maximize the variance of data points
→ For a sample x, x̃ = V̂x where Ĉ = V̂!̂V̂ is covariance eigendecomposition
→ Used for dimensionality reduction by selecting only a few eigenvectors

Jolli!e. Principal component analysis. Springer Verlag, New York, 2002

Principal component 1

Principal component 2
PCA transform in ML
o Unsupervised learning (dim. reduction)
o Supervised learning (regression, 

classification)

<latexit sha1_base64="myv0k/RfOYFQp95DVJwCgX5mJaw="></latexit>

Given sample x and eigendecomposition Ĉ = V̂!̂V̂T,

PCA transform: x̃ = V̂Tx
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Covariance matrices are widespread in signal processing and machine learning

Ø Covariance matrices are leveraged as graphical representations of data

• A graph 𝐺 = (𝑉, 𝐸,𝑊) 

o Set of nodes 𝑉 

o Set of edges 𝐸

• Covariance matrix is a fully connected graph, 

o nodes are the features 

o edges  associated with pairwise covariance values

6

1 2

6 3

5 4
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x = [x1, . . . , x6]
T

o A weight function 𝑊
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Covariance matrices are widespread in signal processing and machine learning

Ø Covariance matrices as graphical representations; used in graph neural nets
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Fig. 3: Merchant category correlation matrix and graph (a) 163⇥163 matrix heatmap plot corre-
sponding to ⇢(ci, cj) correlation values (see Eq. 10) between categories. Colors scale with the loga-
rithm of correlation values. Positive (resp. negative) correlations are assigned by red (resp. blue)
colors. Diagonal components represent communities with frames colored accordingly.(b) Weighted
G>

⇢ correlation graph with nodes annotated with MCCs (see Table 1). Colors assign 17 communities
of merchant categories with representative names summarized in the figure legend.

the categories ci and cj are positively correlated and
if ⇢(ci, cj) < 1, categories are negatively correlated.
Using ⇢(ci, cj) we can define a weighted correlation
graph G⇢ = (V⇢, E⇢, ⇢) between categories ci 2 V⇢,
where links (ci, cj) 2 E⇢ are weighted by the ⇢(ci, cj)
correlation values. The weighted adjacency matrix
of G⇢ is shown in Fig.3a as a heat-map matrix with
logarithmically scaling colors. Importantly, this ma-
trix emerges with several block diagonal components
suggesting present communities of strongly correlated
categories in the graph.

To identify categories which were commonly pur-
chased together we consider only links with positive
correlations. Furthermore, to avoid false positive cor-
relations, we consider a 10% error on r that can in-
duce, in the worst case 50% overestimation of the
correlation values. In addition, to consider only rep-
resentative correlations we take into account category
pairs which were commonly purchased by at least
1000 consumers. This way we receive a G>

⇢ weighted
sub-graph of G⇢, shown in Fig.3b, with 163 nodes
and 1664 edges with weights ⇢(ci, cj) > 1.5.

To identify communities in G>
⇢ indicated by the

correlation matrix in Fig.3a we applied a graph parti-

tioning method based on the Louvain algorithm [28].
We obtained 17 communities depicted with di↵er-
ent colors in Fig.3b and as corresponding colored
frames in Fig.3a. Interestingly, each of these com-
munities group a homogeneous set of merchant cat-
egories, which could be assigned to similar types of
purchasing activities (see legend of Fig.3b). In addi-
tion, this graph indicates how di↵erent communities
are connected together. Some of them, like Trans-
portation, IT or Personal Serv. playing a central
role as connected to many other communities, while
other components like Car sales and maintenance
and Hardware St., or Personal and Health and med-
ical Serv. are more like pairwise connected. Some
groups emerge as standalone communities like O�ce
Supp. St., while others like Books and newspapers
or Newsstands and duty-free Shops (Sh.) appear as
bridges despite their small sizes.

⇢(ci, cj) =
n(
P

u r(ci, u)r(cj , u))

(
P

u r(ci, u))(
P

u r(cj , u))
. (10)

Note that the main categories corresponding to
everyday necessities related to food (Supermarkets,

7
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Learning with covariances
Popular applications

↭ Covariances are widespread in signal processing and machine learning applications
↭ Topology estimation

→ Several works estimate a topology based on covariance or correlation matrices
→ Functional brain network from fMRI signals
→ Correlation graph from motion sensor measurements

Brain fMRI data Human motion sensor recordings

Wang et al., MhaGNN, IEEE Transactions on Instrumentation and Measurement, 2023
Li et al., BrainGNN: Interpretable brain graph neural network for fMRI analysis. Medical Image Analysis, 2021
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Brain connectome [Li, et al. 2021]

6/53

Learning with covariances
Popular applications

↭ Covariances are widespread in signal processing and machine learning applications
↭ Topology estimation

→ Several works estimate a topology based on covariance or correlation matrices
→ Functional brain network from fMRI signals
→ Correlation graph from motion sensor measurements

Brain fMRI data Human motion sensor recordings

Wang et al., MhaGNN, IEEE Transactions on Instrumentation and Measurement, 2023
Li et al., BrainGNN: Interpretable brain graph neural network for fMRI analysis. Medical Image Analysis, 2021

6/53

Learning with covariances
Popular applications

↭ Covariances are widespread in signal processing and machine learning applications
↭ Topology estimation

→ Several works estimate a topology based on covariance or correlation matrices
→ Functional brain network from fMRI signals
→ Correlation graph from motion sensor measurements

Brain fMRI data Human motion sensor recordings

Wang et al., MhaGNN, IEEE Transactions on Instrumentation and Measurement, 2023
Li et al., BrainGNN: Interpretable brain graph neural network for fMRI analysis. Medical Image Analysis, 2021 6/53

Learning with covariances
Popular applications

↭ Covariances are widespread in signal processing and machine learning applications
↭ Topology estimation

→ Several works estimate a topology based on covariance or correlation matrices
→ Functional brain network from fMRI signals
→ Correlation graph from motion sensor measurements

Brain fMRI data Human motion sensor recordings

Wang et al., MhaGNN, IEEE Transactions on Instrumentation and Measurement, 2023
Li et al., BrainGNN: Interpretable brain graph neural network for fMRI analysis. Medical Image Analysis, 2021

Socio-economic networks [Leo, et al. 2016] Wearable devices [Wang, et al. 2023]
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Learning with covariance matrices: Challenges 

Ø  Sample covariance matrix is estimate from finite data

Ø  ML model is trained on training dataset,
     deployed on test dataset

Ø Statistical spaces defined by training and 
      test data may not align perfectly 

8

ML 
model

Input data Output

Covariance matrix 
<latexit sha1_base64="zRPnDufKzHqf2dhV8xhOZDk+Qrc="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

Representation of
training dataset

Representation of
test dataset
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Learning with covariance matrices: Challenges 

9

ML 
model

Input data Output

Covariance matrix 
<latexit sha1_base64="zRPnDufKzHqf2dhV8xhOZDk+Qrc="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

Representation of
training dataset

Representation of
test dataset

Challenge 1 (stability) 
Are inference outcomes stable to 
perturbations in covariance matrix 
(finite sample effect)?

Ø  Sample covariance matrix is estimate from finite data

Ø  ML model is trained on training dataset,
     deployed on test dataset

Ø Statistical spaces defined by training and 
      test data may not align perfectly 
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Learning with covariance matrices: Challenges 

Ø  Datasets capture information about same phenomenon at different scales

10

Dataset with 𝑚#	features
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Covariance matrix Cm1
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(size m1 ⇥m1)
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ABSTRACT | Research in graph signal processing (GSP) aims 

to develop tools for processing data defined on irregular graph 

domains. In this paper, we first provide an overview of core ideas in 

GSP and their connection to conventional digital signal processing, 

along with a brief historical perspective to highlight how concepts 

recently developed in GSP build on top of prior research in other 

areas. We then summarize recent advances in developing basic GSP 

tools, including methods for sampling, filtering, or graph learning. 

Next, we review progress in several application areas using GSP, 

including processing and analysis of sensor network data, biological 

data, and applications to image processing and machine learning.

KEYWORDS | Graph signal processing (GSP); network science 

and graphs; sampling; signal processing

I .  IN TRODUCTION A ND MOTI VATION

Data is all around us, and massive amounts of it. Almost 
every aspect of human life is now being recorded at all lev-
els: from the marking and recording of processing inside the 
cells starting with the advent of fluorescent markers, to our 
personal data through health monitoring devices and apps, 
financial and banking data, our social networks, mobility 
and traffic patterns, marketing preferences, fads, and many 
more. The complexity of such networks [1] and interactions 
means that the data now reside on irregular and complex 
structures that do not lend themselves to standard tools.

Digital Object Identifier: 10.1109/JPROC.2018.2820126

Graphs offer the ability to model such data and complex 
interactions among them. For example, users on Twitter can be 
modeled as nodes while their friend connections can be modeled 
as edges. This paper explores adding attributes to such nodes and 
modeling those as signals on a graph; for example, year of gradua-
tion in a social network, temperature in a given city on a given day 
in a weather network, etc. Doing so requires us to extend classical 
signal processing concepts and tools such as Fourier transform, 
filtering, and frequency response to data residing on graphs. It 
also leads us to tackle complex tasks such as sampling in a princi-
pled way. The field that gathers all these questions under a com-
mon umbrella is graph signal processing (GSP) [2], [3].

While the precise definition of a graph signal will be 
given later in the paper, let us assume for now that a graph 
signal is a set of values residing on a set of nodes. These nodes 
are connected via (possibly weighted) edges. As in classical 
signal processing, such signals can stem from a variety of 
domains; unlike in classical signal processing, however, the 
underlying graphs can tell a fair amount about those signals 
through their structure. Different types of graphs model dif-
ferent types of networks that these nodes represent.

Typical graphs that are used to represent common real-
world data include Erdős–Rényi graphs, ring graphs, random 
geometric graphs, small-world graphs, power-law graphs, 
nearest-neighbor graphs, scale-free graphs, and many others. 
These model networks with random connections (Erdoős–
Rényi graphs), networks of brain neurons (small-world 
graphs), social networks (scale-free graphs), and others.

As in classical signal processing, graph signals can have 
properties, such as smoothness, that need to be appropri-
ately defined. They can also be represented via basic atoms 
and can have a spectral representation. In particular, the 
graph Fourier transform allows us to develop the intuition 
gathered in the classical setting and extend it to graphs; we 
can talk about the notions of frequency and bandlimitedness, 
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S ignal processing (SP) excels at analyzing, processing, and 
inferring information defined over regular (first continu-
ous, later discrete) domains such as time or space. Indeed, 

the last 75 years have shown how SP has made an impact in 
areas such as communications, acoustics, sensing, image 
processing, and control, to name a few. With the digitaliza-
tion of the modern world and the increasing pervasiveness of 
data-collection mechanisms, information of interest in current 
applications oftentimes arises in non-Euclidean, irregular do-
mains. Graph SP (GSP) generalizes SP tasks to signals living 
on non-Euclidean domains whose structure can be captured by 
a weighted graph. Graphs are versatile, able to model irregu-
lar interactions, easy to interpret, and endowed with a corpus 
of mathematical results, rendering them natural candidates to 
serve as the basis for a theory of processing signals in more 
irregular domains.

The term graph signal processing was coined a decade ago 
in the seminal works of [1], [2], [3], and [4]. Since these papers 
were published, GSP-related problems have drawn significant 
attention, not only within the SP community [5] but also in 
machine learning (ML) venues, where research in graph-based 
learning has increased significantly [6]. Graph signals are well-
suited to model measurements/information/data associated 
with (indexed by) a set where 1) the elements of the set belong 
to the same class (regions of the cerebral cortex, members of 
a social network, weather stations across a continent); 2) there 
exists a relation (physical or functional) of proximity, influence, 
or association among the different elements of that set; and 3) 
the strength of such a relation among the pairs of elements is 
not homogeneous. In some scenarios, the supporting graph is 
a physical, technological, social, information, or biological net-
work where the links can be explicitly observed. In many other 
cases, the graph is implicit, capturing some notion of depen-
dence or similarity across nodes, and the links must be inferred 
from the data themselves. As a result, GSP is a broad frame-
work that encompasses and extends classical SP methods, tools, 
and algorithms to application domains of the modern techno-
logical world, including social, transportation,  communication, 
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The effective representation, processing, analysis, and visual-
ization of large-scale structured data, especially those related 
to complex domains, such as networks and graphs, are one 

of the key questions in modern machine learning. Graph signal 
processing (GSP), a vibrant branch of signal processing models 
and algorithms that aims at handling data supported on graphs, 
opens new paths of research to address this challenge. In this ar-
ticle, we review a few important contributions made by GSP con-
cepts and tools, such as graph filters and transforms, to the devel-
opment of novel machine learning algorithms. In particular, our 
discussion focuses on the following three aspects: exploiting data 
structure and relational priors, improving data and computation-
al efficiency, and enhancing model interpretability. Furthermore, 
we provide new perspectives on the future development of GSP 
techniques that may serve as a bridge between applied mathe-
matics and signal processing on one side and machine learning 
and network science on the other. Cross-fertilization across these 
different disciplines may help unlock the numerous challenges of 
complex data analysis in the modern age.

Introduction
We live in a connected society. Data collected from large-scale 
interactive systems, such as biological, social, and financial 
networks, become largely available. In parallel, the past few 
decades have seen a significant amount of interest in the ma-
chine learning community for network data processing and 
analysis. Networks have an intrinsic structure that conveys 
very specific properties to data, e.g., interdependencies be-
tween data entities in the form of pairwise relationships. These 
properties are traditionally captured by mathematical repre-
sentations such as graphs.

In this context, new trends and challenges have been devel-
oping fast. Let us consider, for example, a network of protein–
protein interactions and the expression level of individual genes 
at every point in time. Some typical tasks in network biology 
related to this type of data are 1) discovery of key genes (via 
protein grouping) affected by the infection and 2) prediction 
of how the host organism reacts (in terms of gene expression) 
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domains. In this paper, we first provide an overview of core ideas in 
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given later in the paper, let us assume for now that a graph 
signal is a set of values residing on a set of nodes. These nodes 
are connected via (possibly weighted) edges. As in classical 
signal processing, such signals can stem from a variety of 
domains; unlike in classical signal processing, however, the 
underlying graphs can tell a fair amount about those signals 
through their structure. Different types of graphs model dif-
ferent types of networks that these nodes represent.

Typical graphs that are used to represent common real-
world data include Erdős–Rényi graphs, ring graphs, random 
geometric graphs, small-world graphs, power-law graphs, 
nearest-neighbor graphs, scale-free graphs, and many others. 
These model networks with random connections (Erdoős–
Rényi graphs), networks of brain neurons (small-world 
graphs), social networks (scale-free graphs), and others.

As in classical signal processing, graph signals can have 
properties, such as smoothness, that need to be appropri-
ately defined. They can also be represented via basic atoms 
and can have a spectral representation. In particular, the 
graph Fourier transform allows us to develop the intuition 
gathered in the classical setting and extend it to graphs; we 
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learning has increased significantly [6]. Graph signals are well-
suited to model measurements/information/data associated 
with (indexed by) a set where 1) the elements of the set belong 
to the same class (regions of the cerebral cortex, members of 
a social network, weather stations across a continent); 2) there 
exists a relation (physical or functional) of proximity, influence, 
or association among the different elements of that set; and 3) 
the strength of such a relation among the pairs of elements is 
not homogeneous. In some scenarios, the supporting graph is 
a physical, technological, social, information, or biological net-
work where the links can be explicitly observed. In many other 
cases, the graph is implicit, capturing some notion of depen-
dence or similarity across nodes, and the links must be inferred 
from the data themselves. As a result, GSP is a broad frame-
work that encompasses and extends classical SP methods, tools, 
and algorithms to application domains of the modern techno-
logical world, including social, transportation,  communication, 
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The effective representation, processing, analysis, and visual-
ization of large-scale structured data, especially those related 
to complex domains, such as networks and graphs, are one 

of the key questions in modern machine learning. Graph signal 
processing (GSP), a vibrant branch of signal processing models 
and algorithms that aims at handling data supported on graphs, 
opens new paths of research to address this challenge. In this ar-
ticle, we review a few important contributions made by GSP con-
cepts and tools, such as graph filters and transforms, to the devel-
opment of novel machine learning algorithms. In particular, our 
discussion focuses on the following three aspects: exploiting data 
structure and relational priors, improving data and computation-
al efficiency, and enhancing model interpretability. Furthermore, 
we provide new perspectives on the future development of GSP 
techniques that may serve as a bridge between applied mathe-
matics and signal processing on one side and machine learning 
and network science on the other. Cross-fertilization across these 
different disciplines may help unlock the numerous challenges of 
complex data analysis in the modern age.

Introduction
We live in a connected society. Data collected from large-scale 
interactive systems, such as biological, social, and financial 
networks, become largely available. In parallel, the past few 
decades have seen a significant amount of interest in the ma-
chine learning community for network data processing and 
analysis. Networks have an intrinsic structure that conveys 
very specific properties to data, e.g., interdependencies be-
tween data entities in the form of pairwise relationships. These 
properties are traditionally captured by mathematical repre-
sentations such as graphs.

In this context, new trends and challenges have been devel-
oping fast. Let us consider, for example, a network of protein–
protein interactions and the expression level of individual genes 
at every point in time. Some typical tasks in network biology 
related to this type of data are 1) discovery of key genes (via 
protein grouping) affected by the infection and 2) prediction 
of how the host organism reacts (in terms of gene expression) 
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Our view: GSP perspective well-equipped to address challenges 
to learning with covariance matrices   



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications

Learning with covariance matrices: A GSP approach

Ø Graph neural networks (GNNs) have been shown to be [Ruiz et al., 2023] 

• stable to (abstract) perturbations in graph structure

• generalizable to graph structures of  different sizes 

     (similar to convolutional neural nets for images)

Ø Covariance matrix is a data-driven graph

o interplay between perturbation theory of covariances and ML over them

14

1 2

6 3

5 4

<latexit sha1_base64="S6t1SjhQPsgo/c9FnhQoj1rs2eM=">AAACDHicbVBPS8MwHE3nvzn/TT16CQ7BwxityPQiDL14nLB/0NaSZukWlqYlSWWj9AN48at48aCIVz+AN7+N2daDbj4IPN57vyS/58eMSmWa30ZhZXVtfaO4Wdra3tndK+8fdGSUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj26mfveBCEkj3lKTmLghGnAaUIyUlrxyJXX8AI4zeAXtsWdVodOPlKzCsVd371NHBrCV6ZRZM2eAy8TKSQXkaHrlL30LTkLCFWZIStsyY+WmSCiKGclKTiJJjPAIDYitKUchkW46WyaDJ1rpwyAS+nAFZ+rviRSFUk5CXydDpIZy0ZuK/3l2ooJLN6U8ThTheP5QkDCoIjhtBvapIFixiSYIC6r/CvEQCYSV7q+kS7AWV14mnbOaVa/V784rjeu8jiI4AsfgFFjgAjTALWiCNsDgETyDV/BmPBkvxrvxMY8WjHzmEPyB8fkDDHeZvw==</latexit>

x = [x1, . . . , x6]
T



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications

Outline

Ø PCA and the graph Fourier transform

Ø CoVariance neural networks (VNNs)

Ø Theory of VNNs: Stability and transferability

Ø Variants of VNNs

15
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Outline

Ø PCA and the graph Fourier transform

Ø CoVariance neural networks (VNNs)

Ø Theory of VNNs: Stability and transferability

Ø Variants of VNNs

Key takeaways:

Ø VNNs offer a novel GSP-inspired perspective to PCA 

              addressing challenges in modern data analysis

Ø Principled deep learning solution for finite-data regimes

16
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PCA and Graph Fourier Transform
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A graph filter implementation of PCA inference
Ø To show: PCA-based inference can be implemented with a polynomial over 

18
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kInput 

data Output

Conceptually equivalent implementations



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications

A graph filter implementation of PCA inference
Ø To show: PCA-based inference can be implemented with a polynomial over 

Ø How: Follows from the graph Fourier transform analysis of 

Ø Implications: 

• Alternative implementation of PCA-based inference using polynomial over 

• But more importantly, polynomial implementation is stable, transferable
19
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Graph signal processing

I Graph SP: broaden classical SP to graph signals [Shuman et al.’13]

) Our view: GSP well suited to study network (di↵usion) processes
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I As.: Signal properties related to topology of G (locality, smoothness)

) Algorithms that fruitfully leverage this relational structure

I Q: Why do we expect the graph structure to be useful in processing x?

Marques, Mateos, Ribeiro, Segarra Graph SP: Fundamentals and Applications 6 / 123

Preliminaries: Graph

Ø Graph: a triplet 𝑉, 𝐸,𝑊  

• A set of nodes 𝑉 = 1,… ,𝑚

• A set of (undirected) edges 𝐸 ⊆ 𝑉×𝑉	

      Edge between node 𝑖 and 𝑗 denoted by (𝑖, 𝑗)

• An edge function 𝑊:𝐸 ↦ ℝ that maps edge 𝑖, 𝑗 to weight 𝑤!" ∈ ℝ 

20
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Graph signal processing

I Graph SP: broaden classical SP to graph signals [Shuman et al.’13]

) Our view: GSP well suited to study network (di↵usion) processes
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I As.: Signal properties related to topology of G (locality, smoothness)

) Algorithms that fruitfully leverage this relational structure

I Q: Why do we expect the graph structure to be useful in processing x?

Marques, Mateos, Ribeiro, Segarra Graph SP: Fundamentals and Applications 6 / 123

Preliminaries: Graph

Ø Graph: a triplet 𝑉, 𝐸,𝑊  

• A set of nodes 𝑉 = 1,… ,𝑚

• A set of (undirected) edges 𝐸 ⊆ 𝑉×𝑉	

      Edge between node 𝑖 and 𝑗 denoted by (𝑖, 𝑗)

• An edge function 𝑊:𝐸 ↦ ℝ that maps edge 𝑖, 𝑗 to weight 𝑤!" ∈ ℝ 

Ø Adjacency matrix representation of graph

21
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Preliminaries: Graph signal

Ø Graph signals are mappings 𝑥: 𝑉 ↦ ℝ
             graph signal is defined on the vertices of the graph

Ø Graph signal can be represented as a vector 𝐱 ∈ ℝ#
             𝑥!  denotes the graph signal at 𝑖-th vertex in 𝑉	

22

Graph signals

I Consider graph G = (V, E ,W ). Graph signals are mappings x : V ! R
) Defined on the vertices of the graph (data tied to nodes)

Ex: Opinion profile, bu↵er congestion levels, neural activity, epidemic

I May be represented as a vector x 2 RN

) xn denotes the signal value at the n-th vertex in V
) Implicit ordering of vertices (same as in A or L)
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I Data associated with links of G ) Use line graph of G

Marques, Mateos, Ribeiro, Segarra Graph SP: Fundamentals and Applications 16 / 123

[Shuman, 2013]
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Graph-shift operator

I To understand and analyze x, useful to account for G ’s structure

I Associated with G is the graph-shift operator S 2 RN⇥N

) Sij = 0 for i 6= j and (i , j) 62 E (captures local structure in G )

I S can take nonzero values in the edges of G or in its diagonal

I Ex: Adjacency A, degree D, and Laplacian L = D� A matrices

Marques, Mateos, Ribeiro, Segarra Graph SP: Fundamentals and Applications 18 / 123

Preliminaries: Graph shift operator (GSO)

Ø To understand and analyze graph signal 𝐱, GSP accounts for the graph structure

Ø Graph structure is encoded in a graph shift operator 𝐒 ∈ ℝ#×#

𝐒 %& = 0	for 𝑖 ≠ 𝑗 and 𝑖, 𝑗 ∉ 𝐸 (𝐒 captures local graph structure)

Ø Examples: adjacency matrix, Laplacian

      Covariance matrix is a data-driven adjacency matrix
23
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Preliminaries: Graph Fourier Transform (GFT)

Ø Generically, eigendecomposition of GSO 𝐒 = 𝐔𝚽𝐔'𝟏

Ø GFT is the projection of graph signal on the eigenvector space 𝐔

?𝐱 = 𝐔'𝟏𝐱

Ø Inverse GFT is defined as

𝐱 = 𝐔	?𝐱

              Eigenvectors 𝐔 = [𝒖), … , 𝒖# 	] are the frequency basis

24
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When GSO is covariance matrix…

25

Ø GFT over covariance matrix

    Given eigendecomposition

    GFT of 𝐱	is
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PCA transform is GFT with respect to the covariance graph!

When GSO is covariance matrix…

26

Ø PCA transform

    Projection of sample 𝐱	on 
    principal components of 
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PCA transform: x̃ = V̂Tx

Ø GFT over covariance matrix

    Given eigendecomposition

    GFT of 𝐱	is
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Preliminaries: Graph filter

27

Ø Graph filter 𝐇 maps graph signal 𝐱 to another graph signal 𝐳 via linear-shift-
and-sum operation

𝐳 = 𝐇 𝐒 𝐱,
where	𝐇 ≔ ℎ*𝐒* + ℎ)𝐒) + ℎ+𝐒+ +⋯+ ℎ,𝐒𝑲 =	
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Fig. 2. The graph convolutional filter as a shift register. Highlighted are the nodes that reach node 1 on each consecutive shift; that is, the nodes j whose
signal value xj contributes to [Skx]i. The resulting summary of each communication Skx is correspondingly weighted by a filter parameter hk . For each
k, the parameter hk is the same for all nodes. In this example, S = Ln and H(S) = 1L0

n − 1.5L1
n + 1L2

n − 0.25L3
n is a lowpass filter that smooths the

input signal.

III. GRAPH CONVOLUTIONAL FILTERS

The convolution is a key operation in SP as it helps to de-
fine filtering operations and to understand linear, time-invariant
systems. In ML, convolutional filters are the building block
of CNNs, and their computational efficiency and parameter-
sharing property tackle the curse of dimensionality. Convo-
lutions also leverage the symmetries in the domain (such as
translations in space) and allow for a degree of mathematical
tractability with respect to domain perturbation [50]. We present
here a now standard generalization of the convolutional filter
to the graph domain, with the goal of inheriting the above
properties. Then, in Sec. IV we analyze the filter behavior in
the graph spectral domain, akin to the Fourier analysis for
temporal filters, and in Sec. V we discuss strategies to design the
filter parameters.

A. Definition

A convolutional filter is a shift-and-sum operation of the
input signal [51]. While a shift in time implies a delay,
a graph signal shift requires taking into account the topo-
logical structure.

Graph signal shift. A graph signal shift is a linear trans-
formation S : XV → XV obtained from applying a GSO S
to a signal x, i.e. S(x) = Sx. The shifted signal at node i
is computed as

[Sx]i =
N∑

j=1

[S]ijx =
∑

j∈N in
i ∪{i}

sijxj , (2)

which is a local linear combination of the signal values at
neighboring nodes.

If the GSO is the adjacency matrix A, the shifted signal
represents a one-step propagation. Instead, if the GSO is the
graph Laplacian L, the shifted signal is a weighted difference of
the signals at neighboring nodes [Lx]i =

∑
j∈Ni

aij(xi − xj).

Graph convolutional filter. Given a set of parameters
h = [h0, . . . , hK ]#, a graph convolutional filter of order
K is a linear mapping H : XV → XV comprising a linear
combination of K shifted signals

H(x) =
K∑

k=0

hkS
kx = H(S)x (3)

where H(S) =
∑K

k=0 hkSk is the N × N polynomial fil-
tering matrix.

The output at node i is yi = h0xi + h1[Sx]i + . . . +
hK [SKx]i, which is a linear combination of signal values
located at most up to K−hops away. This is because [Sk]ji $= 0
implies that there exists at least one path of length k between
nodes i and j through which the signals can diffuse. These
signals are shifted repeatedly over the graph as per (2);
see also Fig. 2. The term convolution for (3) is rooted in the
algebraic extension of the convolution operation [20] and the
discrete-time counterpart can be seen as a particular case over
a cyclic graph; see Box 1.

B. Properties

Graph convolutional filters satisfy the following properties.
Property 1 (Linearity): For two inputs x1, x2, scalars α,β,

and filter H(S), it holds that

αH(S)x1 + βH(S)x2 = H(S)(αx1 + βx2).

Property 2 (Shift invariance): The graph convolution is in-
variant to shifts, i.e., SH(S) = H(S)S. This implies that given
two filters H1(S) and H2(S) and an input signal x, it holds that
we can switch the order of the filters:

H1(S)H2(S)x = H2(S)H1(S)x.

Property 3 (Permutation equivariance): Denote the set of
permutation matrices by

P =
{
P ∈ {0, 1}N×N : P1 = 1 PT1 = 1}.
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Ø Covariance matrix forms a fully-connected graph where 

• nodes are features 

• edges are covariance values

Ø Graph filter on covariance matrix     is defined as

Graph filter on covariance matrix
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Covariance Neural Networks (VNNs)
Graph convolution on the covariance matrix

↭ Covariance filters:
→ Defined as z =

∑K
k=0 hkĈ

k
x = H(Ĉ)x

→ Ĉ
k
x performs a k-shift of signal x over the graph described by Ĉ
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Ø Analogy between              and PCA

• Using eigendecomposition                           , it follows that
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Ø Analogy between              and PCA

• Using eigendecomposition                           , it follows that

• GFT of coVariance filter output 𝐳	and PCA are equivalent

     𝑖-th component of ?𝐳	is modulated by ℎ 𝜆! = ∑./*, ℎ.𝜆!.

<latexit sha1_base64="32W8w6dj77p1E56wdh2UYI6gQn0=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWoW5KIlJdFrvpsoK9QBPKZDpph04uzEyEGoqv4saFIm59D3e+jdM0C239YeDjP+dwzvxezJlUlvVtFNbWNza3itulnd29/QPz8Kgjo0QQ2iYRj0TPw5JyFtK2YorTXiwoDjxOu96kMa93H6iQLArv1TSmboBHIfMZwUpbA/MkdTwfNWcVZ4xVxo3ZxcAsW1UrE1oFO4cy5GoNzC9nGJEkoKEiHEvZt61YuSkWihFOZyUnkTTGZIJHtK8xxAGVbppdP0Pn2hkiPxL6hQpl7u+JFAdSTgNPdwZYjeVybW7+V+snyr9xUxbGiaIhWSzyE45UhOZRoCETlCg+1YCJYPpWRMZYYKJ0YCUdgr385VXoXFbtWrV2d1Wu3+ZxFOEUzqACNlxDHZrQgjYQeIRneIU348l4Md6Nj0VrwchnjuGPjM8fLn6Uaw==</latexit>

H(Ĉ)
<latexit sha1_base64="EBvS1FY8G9LoBesjRHAyfnHyYrE="></latexit>
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Ø Learning with a coVariance filter

Eigenvalue,
Eigenvector

Input 
data 

coVariance
filter

Inference
output

Readout 
function

0𝜆!,
3𝒗!

0𝜆",
3𝒗"

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

0𝜆%,
3𝒗%



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications

Learning with coVariance filter versus PCA-based learning

32

Ø Learning with a coVariance filter
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Ø Learning with a coVariance filter
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Ø Learning with a coVariance filter
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h( 0𝜆$)

Input 
data 

coVariance
filter

Inference
output

Readout 
function

0𝜆!,
3𝒗!

0𝜆",
3𝒗"

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

0𝜆%,
3𝒗%

h( 0𝜆#)

Ø PCA-based learning

PCA
transform

Input 
data 

Regression 
model

Inference
output

𝛽!

𝛽"

𝛽#
𝛽$

0𝜆!,
3𝒗!

0𝜆",
3𝒗"

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

Eigenvalue,
Eigenvector

0𝜆%,
3𝒗%

<latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · · <latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · ·
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coVariance Neural Networks (VNNs)
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Ø Operation           performs a 𝑘-shift of signal 𝐱	over graph defined by      

Ø  Parameters {𝒉𝒌} are called filter taps, are scalars and learnable parameters

coVariance filters as convolutional operators

37

13/53

Covariance Neural Networks (VNNs)
Graph convolution on the covariance matrix

↭ Covariance filters:
→ Defined as z =

∑K
k=0 hkĈ

k
x = H(Ĉ)x

→ Ĉ
k
x performs a k-shift of signal x over the graph described by Ĉ
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Sihag, Mateos, McMillan & Ribeiro. coVariance Neural Networks. NeurIPS, 2022

<latexit sha1_base64="5kQsW4vqYVl8tkusKTIWLnse+oM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEVyURqS6L3bisYB/QxDKZTtqhkwczN2IJAX/FjQtF3Pod7vwbp2kW2nrgwplz7mXuPV4suALL+jZKK6tr6xvlzcrW9s7unrl/0FFRIilr00hEsucRxQQPWRs4CNaLJSOBJ1jXmzRnfveBScWj8A6mMXMDMgq5zykBLQ3Mo9TxfOyMCeBmdj/JX4/ZwKxaNSsHXiZ2QaqoQGtgfjnDiCYBC4EKolTftmJwUyKBU8GyipMoFhM6ISPW1zQkAVNumq+f4VOtDLEfSV0h4Fz9PZGSQKlp4OnOgMBYLXoz8T+vn4B/5aY8jBNgIZ1/5CcCQ4RnWeAhl4yCmGpCqOR6V0zHRBIKOrGKDsFePHmZdM5rdr1Wv72oNq6LOMroGJ2gM2SjS9RAN6iF2oiiFD2jV/RmPBkvxrvxMW8tGcXMIfoD4/MHisaVPQ==</latexit>

Ĉkx
<latexit sha1_base64="2ypLC8dNdhM7g3+4s801DntEaWs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdiLx4r2A9oStlsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC+xEdKREKRtFKfuYHIfHHFEljNihX3Kq7AFknXk4qkKM5KH/5w5ilEVfIJDWm57kJ9jOqUTDJZyU/NTyhbEJHvGepohE3/Wxx84xcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw9t+JlSSIldsuShMJcGYzAMgQ6E5Qzm1hDIt7K2EjammDG1MJRuCt/ryOmlfVb1atfZwXanf5XEU4QzO4RI8uIE63EMTWsAggWd4hTcndV6cd+dj2Vpw8plT+APn8wdHc5E1</latexit>

Ĉ
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CoVariance Neural Networks (VNNs)

38

Ø coVariance filters can learn only linear representations

Ø To accommodate learn non-linear representations, concatenate coVariance 

filter with pointwise non-linearity 𝜎	(for e.g., ReLU, sigmoid, etc.) 
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CoVariance Neural Networks (VNNs)

39

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x VNN

<latexit sha1_base64="2ypLC8dNdhM7g3+4s801DntEaWs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdiLx4r2A9oStlsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC+xEdKREKRtFKfuYHIfHHFEljNihX3Kq7AFknXk4qkKM5KH/5w5ilEVfIJDWm57kJ9jOqUTDJZyU/NTyhbEJHvGepohE3/Wxx84xcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw9t+JlSSIldsuShMJcGYzAMgQ6E5Qzm1hDIt7K2EjammDG1MJRuCt/ryOmlfVb1atfZwXanf5XEU4QzO4RI8uIE63EMTWsAggWd4hTcndV6cd+dj2Vpw8plT+APn8wdHc5E1</latexit>

Ĉ

<latexit sha1_base64="mTBsXWDh21DZmEWlwkMNlD0zWhU=">AAACHHicbVDLSgMxFM34dnyNunQTbAUFKTMVquBG7KY7K9hW6Awlk2ZsaOZBckcsw3yIG3/FjQtF3LgQ/BvTaRe+DgROzrmX5Bw/EVyBbX8aM7Nz8wuLS8vmyura+oa1udVWcSopa9FYxPLaJ4oJHrEWcBDsOpGMhL5gHX9YH/udWyYVj6MrGCXMC8lNxANOCWipZx25KsCmeZFCkgIuu80B389cP8B3+Sl2BwSKSz0/xJlLicCN/KDcs0p2xS6A/xJnSkpoimbPenf7MU1DFgEVRKmuYyfgZUQCp4LlppsqlhA6JDesq2lEQqa8rAiX4z2t9HEQS30iwIX6fSMjoVKj0NeTIYGB+u2Nxf+8bgrBiZfxSAdnEZ08FKQCQ4zHTeE+l4yCGGlCqOT6r5gOiCQUdJ+mLsH5HfkvaVcrTq1Su6yWzs6ndSyhHbSL9pGDjtEZaqAmaiGK7tEjekYvxoPxZLwab5PRGWO6s41+wPj4AqeRn0E=</latexit>

Output !(x; Ĉ,H)

Ø coVariance filters can learn only linear representations

Ø To accommodate learn non-linear representations, concatenate coVariance 

filter with pointwise non-linearity 𝜎	(for e.g., ReLU, sigmoid, etc.) 

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="gx6jRJnxgHtiyIi2Xy0UWpHXBGs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QXUo2zbahyWZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlpapIrRJJJeqE2JNOYtp0zDDaSdRFIuQ03Y4upv57TFVmsn40UwSGgg8iFnECDZWCnzNBgJXfNKX5qJXKrtVdw60SryclCFHo1f68vuSpILGhnCsdddzExNkWBlGOJ0W/VTTBJMRHtCupTEWVAfZ/OgpOrdKH0VS2YoNmqu/JzIstJ6I0HYKbIZ62ZuJ/3nd1EQ3QcbiJDU0JotFUcqRkWiWAOozRYnhE0swUczeisgQK0yMzaloQ/CWX14lrcuqV6vWHq7K9ds8jgKcwhlUwINrqMM9NKAJBJ7gGV7hzRk7L86787FoXXPymRP4A+fzB0aFkcs=</latexit>

�(·)

<latexit sha1_base64="gx6jRJnxgHtiyIi2Xy0UWpHXBGs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QXUo2zbahyWZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlpapIrRJJJeqE2JNOYtp0zDDaSdRFIuQ03Y4upv57TFVmsn40UwSGgg8iFnECDZWCnzNBgJXfNKX5qJXKrtVdw60SryclCFHo1f68vuSpILGhnCsdddzExNkWBlGOJ0W/VTTBJMRHtCupTEWVAfZ/OgpOrdKH0VS2YoNmqu/JzIstJ6I0HYKbIZ62ZuJ/3nd1EQ3QcbiJDU0JotFUcqRkWiWAOozRYnhE0swUczeisgQK0yMzaloQ/CWX14lrcuqV6vWHq7K9ds8jgKcwhlUwINrqMM9NKAJBJ7gGV7hzRk7L86787FoXXPymRP4A+fzB0aFkcs=</latexit>

�(·)

Readout
<latexit sha1_base64="pTzhf8vT1Kn9ho3+8nxytU9gEKs=">AAACFXicbVC7SgNBFJ2Nr7i+opY2g0GwkLCbIloGbSwsIpgHZEOYndxNhszOLDOzQljyEzb+io2FIraCnX/j5FHExAMXDufcO3PvCRPOtPG8Hye3tr6xuZXfdnd29/YPCodHDS1TRaFOJZeqFRINnAmoG2Y4tBIFJA45NMPhzcRvPoLSTIoHM0qgE5O+YBGjxFipW7hwAx25biAkEz0Qxr0DogQTfbwoytRQGUO3UPRK3hR4lfhzUkRz1LqF76AnaRrbNygnWrd9LzGdjCjDKIexG6QaEkKHpA9tSwWJQXey6VVjfGaVHo6ksiUMnqqLExmJtR7Foe2MiRnoZW8i/ue1UxNddTImktSAoLOPopRjI/EkItxjCqjhI0sIVczuiumAKEKNDdK1IfjLJ6+SRrnkV0qV+3Kxej2PI49O0Ck6Rz66RFV0i2qojih6Qi/oDb07z86r8+F8zlpzznzmGP2B8/ULOEKdqQ==</latexit>

Learning
outcome

<latexit sha1_base64="TIFJz28he+e6zK40ZypfjLVrdAs=">AAAB9HicbVA9SwNBEJ2LX/H8ilraLAbBKtyliJZBGwuLCOYDkiPsbeaSJXsf7u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2Fmnp8IrrTjfFuFjc2t7Z3irr23f3B4VDo+aak4lQybLBax7PhUoeARNjXXAjuJRBr6Atv++HbutycoFY+jRz1N0AvpMOIBZ1QbybN7KrDtezpFSdx+qexUnAXIOnFzUoYcjX7pqzeIWRpipJmgSnVdJ9FeRqXmTODM7qUKE8rGdIhdQyMaovKyxdEzcmGUAQliaSrSZKH+nshoqNQ09E1nSPVIrXpz8T+vm+rg2st4lKQaI7ZcFKSC6JjMEyADLpFpMTWEMsnNrYSNqKRMm5xsE4K7+vI6aVUrbq1Se6iW6zd5HEU4g3O4BBeuoA530IAmMHiCZ3iFN2tivVjv1seytWDlM6fwB9bnD4PGkKY=</latexit>

Layer 1

<latexit sha1_base64="ijV3uEInlky5BppRhMhTJjbgu/0=">AAAB9HicbVDJSgNBEK2JWxy3qEcvjUHwFGZyiB6DXjx4iGAWSIbQ06lJmvQsdvcEhiHf4cWDIl79GG/+jZ3loIkPCh7vVVFVz08EV9pxvq3CxubW9k5x197bPzg8Kh2ftFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz2xOUisfRo84S9EI6jHjAGdVG8uyeCmz7nmYoSbVfKjsVZw6yTtwlKcMSjX7pqzeIWRpipJmgSnVdJ9FeTqXmTODU7qUKE8rGdIhdQyMaovLy+dFTcmGUAQliaSrSZK7+nshpqFQW+qYzpHqkVr2Z+J/XTXVw7eU8SlKNEVssClJBdExmCZABl8i0yAyhTHJzK2EjKinTJifbhOCuvrxOWtWKW6vUHqrl+s0yjiKcwTlcggtXUIc7aEATGDzBM7zCmzWxXqx362PRWrCWM6fwB9bnD4VKkKc=</latexit>

Layer 2

<latexit sha1_base64="zrmuI57je0MO07VBNWgWa1yLb04="></latexit>

H1(Ĉ) =
K∑

k=0

h1kĈ
k

<latexit sha1_base64="Jm96Eb7I8pEO1hn6PCvJHC6nzGY="></latexit>

H2(Ĉ) =
K∑

k=0

h2kĈ
k

<latexit sha1_base64="hF8qu4zs/CRQXT9yR8Yupq+/Cx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYKbYjddVrAPaEKZTCfN0MkkzEzEEvIDbvwVNy4UcevenX/jNO1CqwcunDnnXube48WMSmVZX0ZhaXllda24XtrY3NreMXf3OjJKBCZtHLFI9DwkCaOctBVVjPRiQVDoMdL1xo2p370jQtKI36pJTNwQjTj1KUZKSwPzyGkFtJI6ng/vs1PoBEjlj0Z2BVMHIwab2cnALFtVKwf8S+w5KYM5WgPz0xlGOAkJV5ghKfu2FSs3RUJRzEhWchJJYoTHaET6mnIUEumm+TUZPNbKEPqR0MUVzNWfEykKpZyEnu4MkQrkojcV//P6ifIv3ZTyOFGE49lHfsKgiuA0GjikgmDFJpogLKjeFeIACYSVDrCkQ7AXT/5LOmdVu1at3ZyX69fzOIrgAByCCrDBBaiDJmiBNsDgATyBF/BqPBrPxpvxPmstGPOZffALxsc3DXWaSw==</latexit>

!(x, Ĉ;H)

Example: A two-layer VNN
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CoVariance Neural Networks (VNNs)

40

Ø coVariance filters can learn only linear representations

Ø To accommodate learn non-linear representations, concatenate coVariance 

filter with pointwise non-linearity 𝜎	(for e.g., ReLU, sigmoid, etc.) 

Ø                        represents VNN output

Ø       is set of all filter taps

<latexit sha1_base64="Uz4RFL+Q8zmrCk7Usw6z5OLlwIA=">AAAB/XicbVDLSsNAFJ3UV42v+Ni5GWwFVyUpoi6LunBZwT6gCWUynbRDJw9mbsQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7j58IrsC2v43C0vLK6lpx3dzY3NresXb3mipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w6uJ37pnUvE4uoNRwryQ9CMecEpAS13rwFUBNs1rAgSXM9cP8MO43LVKdsWeAi8SJycllKPetb7cXkzTkEVABVGq49gJeBmRwKlgY9NNFUsIHZI+62gakZApL5teP8bHWunhIJa6IsBT9fdERkKlRqGvO0MCAzXvTcT/vE4KwYWX8ShJgUV0tihIBYYYT6LAPS4ZBTHShFDJ9a2YDogkFHRgpg7BmX95kTSrFeescnpbLdUu8ziK6BAdoRPkoHNUQzeojhqIokf0jF7Rm/FkvBjvxsestWDkM/voD4zPH7cVk3k=</latexit>

Data x VNN

<latexit sha1_base64="2ypLC8dNdhM7g3+4s801DntEaWs=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqsdiLx4r2A9oStlsN+3SzSbsToQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMGnO/88S1EbF6xGnC+xEdKREKRtFKfuYHIfHHFEljNihX3Kq7AFknXk4qkKM5KH/5w5ilEVfIJDWm57kJ9jOqUTDJZyU/NTyhbEJHvGepohE3/Wxx84xcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uw9t+JlSSIldsuShMJcGYzAMgQ6E5Qzm1hDIt7K2EjammDG1MJRuCt/ryOmlfVb1atfZwXanf5XEU4QzO4RI8uIE63EMTWsAggWd4hTcndV6cd+dj2Vpw8plT+APn8wdHc5E1</latexit>

Ĉ

<latexit sha1_base64="mTBsXWDh21DZmEWlwkMNlD0zWhU=">AAACHHicbVDLSgMxFM34dnyNunQTbAUFKTMVquBG7KY7K9hW6Awlk2ZsaOZBckcsw3yIG3/FjQtF3LgQ/BvTaRe+DgROzrmX5Bw/EVyBbX8aM7Nz8wuLS8vmyura+oa1udVWcSopa9FYxPLaJ4oJHrEWcBDsOpGMhL5gHX9YH/udWyYVj6MrGCXMC8lNxANOCWipZx25KsCmeZFCkgIuu80B389cP8B3+Sl2BwSKSz0/xJlLicCN/KDcs0p2xS6A/xJnSkpoimbPenf7MU1DFgEVRKmuYyfgZUQCp4LlppsqlhA6JDesq2lEQqa8rAiX4z2t9HEQS30iwIX6fSMjoVKj0NeTIYGB+u2Nxf+8bgrBiZfxSAdnEZ08FKQCQ4zHTeE+l4yCGGlCqOT6r5gOiCQUdJ+mLsH5HfkvaVcrTq1Su6yWzs6ndSyhHbSL9pGDjtEZaqAmaiGK7tEjekYvxoPxZLwab5PRGWO6s41+wPj4AqeRn0E=</latexit>

Output !(x; Ĉ,H)

Example: A two-layer VNN

<latexit sha1_base64="99WczK5GYkoE3BRBPQH/IrcZglE=">AAACFHicbVDLSsNAFJ3UV42vqEs3g61QUUrSRRXcFLvpsoJ9QBPKZDppBycPZiZiCfkIN/6KGxeKuHXhzr9xmmahrQcunDnnXube40aMCmma31phZXVtfaO4qW9t7+zuGfsHXRHGHJMODlnI+y4ShNGAdCSVjPQjTpDvMtJz75ozv3dPuKBhcCunEXF8NA6oRzGSShoaZ7bwoF622xNaSWzXgw/pFbQnSGaPZnoOExsjBlvpaXlolMyqmQEuEysnJZCjPTS+7FGIY58EEjMkxMAyI+kkiEuKGUl1OxYkQvgOjclA0QD5RDhJdlQKT5Qygl7IVQUSZurviQT5Qkx9V3X6SE7EojcT//MGsfQunYQGUSxJgOcfeTGDMoSzhOCIcoIlmyqCMKdqV4gniCMsVY66CsFaPHmZdGtVq16t39RKjes8jiI4AsegAixwARqgBdqgAzB4BM/gFbxpT9qL9q59zFsLWj5zCP5A+/wB3TqcNg==</latexit>

!(x; Ĉ,H)
<latexit sha1_base64="MVOYPAe5Hk9uvGEeMygEmFH1oZQ=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EiyCp7Ir0noseumxgv2QdinZNNuGJtklyQpl6a/w4kERr/4cb/4b03YP2vpg4PHeDDPzwoQzbTzv2ylsbG5t7xR33b39g8Oj0vFJW8epIrRFYh6rbog15UzSlmGG026iKBYhp51wcjf3O09UaRbLBzNNaCDwSLKIEWys9OhmfYI5aswGpbJX8RZA68TPSRlyNAelr/4wJqmg0hCOte75XmKCDCvDCKczt59qmmAywSPas1RiQXWQLQ6eoQurDFEUK1vSoIX6eyLDQuupCG2nwGasV725+J/XS010E2RMJqmhkiwXRSlHJkbz79GQKUoMn1qCiWL2VkTGWGFibEauDcFffXmdtK8qfrVSvb8u12/zOIpwBudwCT7UoA4NaEILCAh4hld4c5Tz4rw7H8vWgpPPnMIfOJ8/43qP1Q==</latexit>

H

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="gx6jRJnxgHtiyIi2Xy0UWpHXBGs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QXUo2zbahyWZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlpapIrRJJJeqE2JNOYtp0zDDaSdRFIuQ03Y4upv57TFVmsn40UwSGgg8iFnECDZWCnzNBgJXfNKX5qJXKrtVdw60SryclCFHo1f68vuSpILGhnCsdddzExNkWBlGOJ0W/VTTBJMRHtCupTEWVAfZ/OgpOrdKH0VS2YoNmqu/JzIstJ6I0HYKbIZ62ZuJ/3nd1EQ3QcbiJDU0JotFUcqRkWiWAOozRYnhE0swUczeisgQK0yMzaloQ/CWX14lrcuqV6vWHq7K9ds8jgKcwhlUwINrqMM9NKAJBJ7gGV7hzRk7L86787FoXXPymRP4A+fzB0aFkcs=</latexit>

�(·)

<latexit sha1_base64="gx6jRJnxgHtiyIi2Xy0UWpHXBGs=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR6LXjxWsB/QXUo2zbahyWZNsoWy9Hd48aCIV3+MN/+NabsHbX0w8Hhvhpl5YcKZNq777aytb2xubRd2irt7+weHpaPjlpapIrRJJJeqE2JNOYtp0zDDaSdRFIuQ03Y4upv57TFVmsn40UwSGgg8iFnECDZWCnzNBgJXfNKX5qJXKrtVdw60SryclCFHo1f68vuSpILGhnCsdddzExNkWBlGOJ0W/VTTBJMRHtCupTEWVAfZ/OgpOrdKH0VS2YoNmqu/JzIstJ6I0HYKbIZ62ZuJ/3nd1EQ3QcbiJDU0JotFUcqRkWiWAOozRYnhE0swUczeisgQK0yMzaloQ/CWX14lrcuqV6vWHq7K9ds8jgKcwhlUwINrqMM9NKAJBJ7gGV7hzRk7L86787FoXXPymRP4A+fzB0aFkcs=</latexit>

�(·)

Readout
<latexit sha1_base64="pTzhf8vT1Kn9ho3+8nxytU9gEKs=">AAACFXicbVC7SgNBFJ2Nr7i+opY2g0GwkLCbIloGbSwsIpgHZEOYndxNhszOLDOzQljyEzb+io2FIraCnX/j5FHExAMXDufcO3PvCRPOtPG8Hye3tr6xuZXfdnd29/YPCodHDS1TRaFOJZeqFRINnAmoG2Y4tBIFJA45NMPhzcRvPoLSTIoHM0qgE5O+YBGjxFipW7hwAx25biAkEz0Qxr0DogQTfbwoytRQGUO3UPRK3hR4lfhzUkRz1LqF76AnaRrbNygnWrd9LzGdjCjDKIexG6QaEkKHpA9tSwWJQXey6VVjfGaVHo6ksiUMnqqLExmJtR7Foe2MiRnoZW8i/ue1UxNddTImktSAoLOPopRjI/EkItxjCqjhI0sIVczuiumAKEKNDdK1IfjLJ6+SRrnkV0qV+3Kxej2PI49O0Ck6Rz66RFV0i2qojih6Qi/oDb07z86r8+F8zlpzznzmGP2B8/ULOEKdqQ==</latexit>

Learning
outcome

<latexit sha1_base64="TIFJz28he+e6zK40ZypfjLVrdAs=">AAAB9HicbVA9SwNBEJ2LX/H8ilraLAbBKtyliJZBGwuLCOYDkiPsbeaSJXsf7u4FwpHfYWOhiK0/xs5/4ya5QhMfDDzem2Fmnp8IrrTjfFuFjc2t7Z3irr23f3B4VDo+aak4lQybLBax7PhUoeARNjXXAjuJRBr6Atv++HbutycoFY+jRz1N0AvpMOIBZ1QbybN7KrDtezpFSdx+qexUnAXIOnFzUoYcjX7pqzeIWRpipJmgSnVdJ9FeRqXmTODM7qUKE8rGdIhdQyMaovKyxdEzcmGUAQliaSrSZKH+nshoqNQ09E1nSPVIrXpz8T+vm+rg2st4lKQaI7ZcFKSC6JjMEyADLpFpMTWEMsnNrYSNqKRMm5xsE4K7+vI6aVUrbq1Se6iW6zd5HEU4g3O4BBeuoA530IAmMHiCZ3iFN2tivVjv1seytWDlM6fwB9bnD4PGkKY=</latexit>

Layer 1

<latexit sha1_base64="ijV3uEInlky5BppRhMhTJjbgu/0=">AAAB9HicbVDJSgNBEK2JWxy3qEcvjUHwFGZyiB6DXjx4iGAWSIbQ06lJmvQsdvcEhiHf4cWDIl79GG/+jZ3loIkPCh7vVVFVz08EV9pxvq3CxubW9k5x197bPzg8Kh2ftFScSoZNFotYdnyqUPAIm5prgZ1EIg19gW1/fDvz2xOUisfRo84S9EI6jHjAGdVG8uyeCmz7nmYoSbVfKjsVZw6yTtwlKcMSjX7pqzeIWRpipJmgSnVdJ9FeTqXmTODU7qUKE8rGdIhdQyMaovLy+dFTcmGUAQliaSrSZK7+nshpqFQW+qYzpHqkVr2Z+J/XTXVw7eU8SlKNEVssClJBdExmCZABl8i0yAyhTHJzK2EjKinTJifbhOCuvrxOWtWKW6vUHqrl+s0yjiKcwTlcggtXUIc7aEATGDzBM7zCmzWxXqx362PRWrCWM6fwB9bnD4VKkKc=</latexit>

Layer 2

<latexit sha1_base64="zrmuI57je0MO07VBNWgWa1yLb04="></latexit>

H1(Ĉ) =
K∑

k=0

h1kĈ
k

<latexit sha1_base64="Jm96Eb7I8pEO1hn6PCvJHC6nzGY="></latexit>

H2(Ĉ) =
K∑

k=0

h2kĈ
k

<latexit sha1_base64="hF8qu4zs/CRQXT9yR8Yupq+/Cx0=">AAACDXicbVDLSsNAFJ3UV62vqEs3g1WoICURqYKbYjddVrAPaEKZTCfN0MkkzEzEEvIDbvwVNy4UcevenX/jNO1CqwcunDnnXube48WMSmVZX0ZhaXllda24XtrY3NreMXf3OjJKBCZtHLFI9DwkCaOctBVVjPRiQVDoMdL1xo2p370jQtKI36pJTNwQjTj1KUZKSwPzyGkFtJI6ng/vs1PoBEjlj0Z2BVMHIwab2cnALFtVKwf8S+w5KYM5WgPz0xlGOAkJV5ghKfu2FSs3RUJRzEhWchJJYoTHaET6mnIUEumm+TUZPNbKEPqR0MUVzNWfEykKpZyEnu4MkQrkojcV//P6ifIv3ZTyOFGE49lHfsKgiuA0GjikgmDFJpogLKjeFeIACYSVDrCkQ7AXT/5LOmdVu1at3ZyX69fzOIrgAByCCrDBBaiDJmiBNsDgATyBF/BqPBrPxpvxPmstGPOZffALxsc3DXWaSw==</latexit>

!(x, Ĉ;H)
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<latexit sha1_base64="Nrm/INbjutFXWkQfeWxU1JvlTt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AivmNUQ==</latexit>

(a)

<latexit sha1_base64="04jmFCh2+dGXSQdgpCBbohShRNo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjH6NUg==</latexit>

(b)

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)

<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="QkPLdkSagwErQO6xjpiHNsiY1DA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RDY1V</latexit>

(e)

<latexit sha1_base64="Wh8GlY0UviyHm5fO3I+sHKrTPWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZTD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AkpKNVg==</latexit>

(f)

<latexit sha1_base64="gYy6aVbwTOlUEdwpVsWp5Y+yZBU=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YA2ls120i7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWukh65qQIhikBnDSK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZldP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzqNgPaFBo5ybAnjWthbKR8yzTjaoIo2BG/x5WXSrFa8i8r5XbVcu87jKJBjckLOiEcuSY3ckjppEE40eSav5M15cl6cd+dj3rri5DNH5A+czx+B3ZKG</latexit>

test set
<latexit sha1_base64="cmxFxVKsSIu4KTEAb22WuvIkyKM=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4CrtB1GPQi8cI5gHJEmYnvcmQ2dllplcMy/6KFw+KePVHvPk3Th4HTSxoKKq66e4KEikMuu63s7a+sbm1Xdgp7u7tHxyWjsotE6eaQ5PHMtadgBmQQkETBUroJBpYFEhoB+Pbqd9+BG1ErB5wkoAfsaESoeAMrdQvlbOeCSlqJpRQQ2oA836p4lbdGegq8RakQhZo9EtfvUHM0wgUcsmM6Xpugn7GNAouIS/2UgMJ42M2hK6likVg/Gx2e07PrDKgYaxtKaQz9fdExiJjJlFgOyOGI7PsTcX/vG6K4bWfCZWkCIrPF4WppBjTaRB0IDRwlBNLGNfC3kr5iGnG0cZVtCF4yy+vklat6l1WL+5rlfrNIo4COSGn5Jx45IrUyR1pkCbh5Ik8k1fy5uTOi/PufMxb15zFzDH5A+fzBxc9lHs=</latexit>

training setSynthetic data
(Friedman regression problem)

Neuroimaging data
(age prediction task)
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Stable Inference with VNNs
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Ø PCA-driven inference can be 

unstable to stochastic 

perturbations in sample covariance 

matrix (finite sample effect)

Ø VNNs provide stable outcomes

               enhanced reproducibility

43

Stability of inference with PCA and VNNs

<latexit sha1_base64="Nrm/INbjutFXWkQfeWxU1JvlTt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AivmNUQ==</latexit>

(a)

<latexit sha1_base64="04jmFCh2+dGXSQdgpCBbohShRNo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjH6NUg==</latexit>

(b)

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)

<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="QkPLdkSagwErQO6xjpiHNsiY1DA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RDY1V</latexit>

(e)

<latexit sha1_base64="Wh8GlY0UviyHm5fO3I+sHKrTPWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZTD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AkpKNVg==</latexit>

(f)

<latexit sha1_base64="gYy6aVbwTOlUEdwpVsWp5Y+yZBU=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YA2ls120i7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWukh65qQIhikBnDSK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZldP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzqNgPaFBo5ybAnjWthbKR8yzTjaoIo2BG/x5WXSrFa8i8r5XbVcu87jKJBjckLOiEcuSY3ckjppEE40eSav5M15cl6cd+dj3rri5DNH5A+czx+B3ZKG</latexit>

test set
<latexit sha1_base64="cmxFxVKsSIu4KTEAb22WuvIkyKM=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4CrtB1GPQi8cI5gHJEmYnvcmQ2dllplcMy/6KFw+KePVHvPk3Th4HTSxoKKq66e4KEikMuu63s7a+sbm1Xdgp7u7tHxyWjsotE6eaQ5PHMtadgBmQQkETBUroJBpYFEhoB+Pbqd9+BG1ErB5wkoAfsaESoeAMrdQvlbOeCSlqJpRQQ2oA836p4lbdGegq8RakQhZo9EtfvUHM0wgUcsmM6Xpugn7GNAouIS/2UgMJ42M2hK6likVg/Gx2e07PrDKgYaxtKaQz9fdExiJjJlFgOyOGI7PsTcX/vG6K4bWfCZWkCIrPF4WppBjTaRB0IDRwlBNLGNfC3kr5iGnG0cZVtCF4yy+vklat6l1WL+5rlfrNIo4COSGn5Jx45IrUyR1pkCbh5Ik8k1fy5uTOi/PufMxb15zFzDH5A+fzBxc9lHs=</latexit>

training set

<latexit sha1_base64="UY2bvqNcUXDMIGn7jATXMvpsQ44=">AAACAXicbVDLSsNAFJ34rPVVdSO4GSyCG0siUl0W68JlBfuAJoTJdNIOnUzCzI1QQtz4K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjCsj/32A1Oax/IeRgnzItKXPOSUgJH80qE7IIAzNwhxPfczeebeMAEkx36pbFfsCfAicWakjGZo+KUvtxfTNGISqCBadx07AS8jCjgVLC+6qWYJoUPSZ11DJYmY9rLJBzk+MUoPh7EyJQFP1N8TGYm0HkWB6YwIDPS8Nxb/87ophFdexmWSApN0uihMBYYYj+PAPa4YBTEyhFDFza2YDogiFExoRROCM//yImmdV5xqpXp3Ua5dz+IooCN0jE6Rgy5RDd2iBmoiih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sD6/AFdbZY2</latexit>

Ĉn��

<latexit sha1_base64="W5i7lPNEBixYscvynNjqLPbDg30=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBKR6rHYi8cK9gPaEDbbTbt0swm7E6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSATX4Djf1tr6xubWdmmnvLu3f3BoV446Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYNJc+Z3H5jSPJb3ME2YF5GR5CGnBIzk25XBmADOBkGIm7mfyRz7dtWpOXPgVeIWpIoKtHz7azCMaRoxCVQQrfuuk4CXEQWcCpaXB6lmCaETMmJ9QyWJmPay+ek5PjPKEIexMiUBz9XfExmJtJ5GgemMCIz1sjcT//P6KYTXXsZlkgKTdLEoTAWGGM9ywEOuGAUxNYRQxc2tmI6JIhRMWmUTgrv88irpXNTceq1+d1lt3BRxlNAJOkXnyEVXqIFuUQu1EUWP6Bm9ojfryXqx3q2PReuaVcwcoz+wPn8AcOyTfQ==</latexit>

Ĉn

Performance on regression task

<latexit sha1_base64="n/e4loub8upe2CyO4lE5Ye1Whto=">AAACGnicbVC7SgNBFJ2Nrxhfq5Y2g4lgFXZTqFiJaSwjGBWyIcxO7prBmdll5q4QlnyHjb9iY6GIndj4N04eha8DA4dz7mXOPXEmhcUg+PRKc/MLi0vl5crK6tr6hr+5dWnT3HBo81Sm5jpmFqTQ0EaBEq4zA0zFEq7i2+bYv7oDY0WqL3CYQVexGy0SwRk6qeeHkU0qtSIaMCyiOKHN0aina8cULArFEPo0MamiNV2jlqlMgu351aAeTED/knBGqmSGVs9/j/opzxVo5JJZ2wmDDLsFMyi4hFElyi1kjN+yG+g4qpkC2y0mp43onlNchtS4p5FO1O8bBVPWDlXsJl3cgf3tjcX/vE6OyVG3EDrLETSffpTkkmJKxz3RvjDAUQ4dYdwIl5XyATOMo2uz4koIf5/8l1w26uFB/eC8UT05ndVRJjtkl+yTkBySE3JGWqRNOLknj+SZvHgP3pP36r1NR0vebGeb/ID38QVgTJ/b</latexit>

Ĉn: estimated from n samples
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Stochastic perturbations in sample covariance matrix
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ
<latexit sha1_base64="lDCTJ+XG1qjTf/YQWFtXG4v2jNU="></latexit>

C = E[(x→ µ)(x→ µ)T]

<latexit sha1_base64="puPbTLzMKib7aMHH3ksAEiJl4tA="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ
<latexit sha1_base64="BDm51Oz6oQK1SCb2YDTFf54IjCY=">AAACMHicbVDLSgMxFM34rPVVdekmWAQXUmZEqsuiC124qGAf0Cklk7ljg5kHyR2xDPNJbvwU3Sgo4tavMNN24etCyOGce3NPjpdIodG2X6yZ2bn5hcXSUnl5ZXVtvbKx2dZxqji0eCxj1fWYBikiaKFACd1EAQs9CR3v5rTQO7egtIijKxwl0A/ZdSQCwRkaalA5cxHucPxO5skU8sz1AnfIkLbzffqPGEtfj0JzZUWXe2FW+SzPB5WqXbPHRf8CZwqqZFrNQeXR9WOehhAhl0zrnmMn2M+YQsEl5GU31ZAwfsOuoWdgxELQ/WzsJae7hvFpECtzIqRj9vtExkJduDSdIcOh/q0V5H9aL8XguJ+JKEkRIj5ZFKSSYkyL9KgvFHCUIwMYV8J4pXzIFONoMi6bEJzfX/4L2gc1p16rXx5WGyfTOEpkm+yQPeKQI9Ig56RJWoSTe/JEXsmb9WA9W+/Wx6R1xprObJEfZX1+Aa2LrGw=</latexit>

V̂, !̂
<latexit sha1_base64="bVyRy1+JZTsil/izLGVW1LJHtqw=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1I0gunHhooKthc5QMpk7Gsw8SO6IZZivceOvuHFREXHnp5i2s9DWCyGHc+7NPTl+KoVG2/6yZmbn5hcWK0vV5ZXVtfXaxmZbJ5ni0OKJTFTHZxqkiKGFAiV0UgUs8iXc+g8XQ/32EZQWSXyD/RS8iN3FIhScoaF6tVMX4QlH7+QKgiJ3/ZC2i306zScy0P3IXLl7ZRYErCh6tbrdsEdFp4FTgjopq9mrDdwg4VkEMXLJtO46dopezhQKLqGoupmGlPEHdgddA2MWgfbykY2C7homoGGizImRjtjfEzmL9NCh6YwY3utJbUj+p3UzDE+8XMRphhDz8aIwkxQTOsyMBkIBR9k3gHEljFfK75liHE2yVROCM/nladA+aDhHjaPrw/rZeRlHhWyTHbJHHHJMzsglaZIW4eSZvJIBebderDfrw/oct85Y5cwW+VPW9w8Hy6f8</latexit>

V,!
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
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Stochastic perturbations in sample covariance matrix
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ

<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ

<latexit sha1_base64="lDCTJ+XG1qjTf/YQWFtXG4v2jNU="></latexit>

C = E[(x→ µ)(x→ µ)T]

<latexit sha1_base64="puPbTLzMKib7aMHH3ksAEiJl4tA="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

<latexit sha1_base64="BDm51Oz6oQK1SCb2YDTFf54IjCY=">AAACMHicbVDLSgMxFM34rPVVdekmWAQXUmZEqsuiC124qGAf0Cklk7ljg5kHyR2xDPNJbvwU3Sgo4tavMNN24etCyOGce3NPjpdIodG2X6yZ2bn5hcXSUnl5ZXVtvbKx2dZxqji0eCxj1fWYBikiaKFACd1EAQs9CR3v5rTQO7egtIijKxwl0A/ZdSQCwRkaalA5cxHucPxO5skU8sz1AnfIkLbzffqPGEtfj0JzZUWXe2FW+SzPB5WqXbPHRf8CZwqqZFrNQeXR9WOehhAhl0zrnmMn2M+YQsEl5GU31ZAwfsOuoWdgxELQ/WzsJae7hvFpECtzIqRj9vtExkJduDSdIcOh/q0V5H9aL8XguJ+JKEkRIj5ZFKSSYkyL9KgvFHCUIwMYV8J4pXzIFONoMi6bEJzfX/4L2gc1p16rXx5WGyfTOEpkm+yQPeKQI9Ig56RJWoSTe/JEXsmb9WA9W+/Wx6R1xprObJEfZX1+Aa2LrGw=</latexit>

V̂, !̂
<latexit sha1_base64="bVyRy1+JZTsil/izLGVW1LJHtqw=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1I0gunHhooKthc5QMpk7Gsw8SO6IZZivceOvuHFREXHnp5i2s9DWCyGHc+7NPTl+KoVG2/6yZmbn5hcWK0vV5ZXVtfXaxmZbJ5ni0OKJTFTHZxqkiKGFAiV0UgUs8iXc+g8XQ/32EZQWSXyD/RS8iN3FIhScoaF6tVMX4QlH7+QKgiJ3/ZC2i306zScy0P3IXLl7ZRYErCh6tbrdsEdFp4FTgjopq9mrDdwg4VkEMXLJtO46dopezhQKLqGoupmGlPEHdgddA2MWgfbykY2C7homoGGizImRjtjfEzmL9NCh6YwY3utJbUj+p3UzDE+8XMRphhDz8aIwkxQTOsyMBkIBR9k3gHEljFfK75liHE2yVROCM/nladA+aDhHjaPrw/rZeRlHhWyTHbJHHHJMzsglaZIW4eSZvJIBebderDfrw/oct85Y5cwW+VPW9w8Hy6f8</latexit>

V,!
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
<latexit sha1_base64="BDm51Oz6oQK1SCb2YDTFf54IjCY=">AAACMHicbVDLSgMxFM34rPVVdekmWAQXUmZEqsuiC124qGAf0Cklk7ljg5kHyR2xDPNJbvwU3Sgo4tavMNN24etCyOGce3NPjpdIodG2X6yZ2bn5hcXSUnl5ZXVtvbKx2dZxqji0eCxj1fWYBikiaKFACd1EAQs9CR3v5rTQO7egtIijKxwl0A/ZdSQCwRkaalA5cxHucPxO5skU8sz1AnfIkLbzffqPGEtfj0JzZUWXe2FW+SzPB5WqXbPHRf8CZwqqZFrNQeXR9WOehhAhl0zrnmMn2M+YQsEl5GU31ZAwfsOuoWdgxELQ/WzsJae7hvFpECtzIqRj9vtExkJduDSdIcOh/q0V5H9aL8XguJ+JKEkRIj5ZFKSSYkyL9KgvFHCUIwMYV8J4pXzIFONoMi6bEJzfX/4L2gc1p16rXx5WGyfTOEpkm+yQPeKQI9Ig56RJWoSTe/JEXsmb9WA9W+/Wx6R1xprObJEfZX1+Aa2LrGw=</latexit>

V̂, !̂
<latexit sha1_base64="bVyRy1+JZTsil/izLGVW1LJHtqw=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1I0gunHhooKthc5QMpk7Gsw8SO6IZZivceOvuHFREXHnp5i2s9DWCyGHc+7NPTl+KoVG2/6yZmbn5hcWK0vV5ZXVtfXaxmZbJ5ni0OKJTFTHZxqkiKGFAiV0UgUs8iXc+g8XQ/32EZQWSXyD/RS8iN3FIhScoaF6tVMX4QlH7+QKgiJ3/ZC2i306zScy0P3IXLl7ZRYErCh6tbrdsEdFp4FTgjopq9mrDdwg4VkEMXLJtO46dopezhQKLqGoupmGlPEHdgddA2MWgfbykY2C7homoGGizImRjtjfEzmL9NCh6YwY3utJbUj+p3UzDE+8XMRphhDz8aIwkxQTOsyMBkIBR9k3gHEljFfK75liHE2yVROCM/nladA+aDhHjaPrw/rZeRlHhWyTHbJHHHJMzsglaZIW4eSZvJIBebderDfrw/oct85Y5cwW+VPW9w8Hy6f8</latexit>

V,!
<latexit sha1_base64="Ff6PQuoa5XuNZgqLz2WtO16GNNA="></latexit>

→V̂x↑Vx→ = O

(
1

n1/2mini →=j |ωi ↑ ωj |

)

[*] Loukas, Andreas, 2017
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Ø Recall: Sample covariance matrix      is estimate of true covariance matrix

             eigenvectors/eigenvalues            of      are estimates of             of 

Ø Convergence between           and [*]
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Stochastic perturbations in sample covariance matrix
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ

<latexit sha1_base64="U9hl+SHB90D96wZ5vTO5vjOVruk=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB4NgFXZFomUwjWUE84BsCLOTu8mQ2Qczd8WwbGnjr9hYKGLrJ9j5N04ehSYeuHA4596Ze48XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudT6g4Z0lqW9Yolu2xPQZeJMyclMke9V/xy+xFPAgiRS6Z1x7Fj7KZMoeASsoKbaIgZH7EBdAwNWQC6m04XyOipUfrUj5SpEOlU/T2RskDrceCZzoDhUC96E/E/r5Ogf9VNRRgnCCGffeQnkmJEJ6nQvlDAUY4NYVwJsyvlQ6YYR5NdwYTgLJ68TJrnZadSrtxelKrX8zjy5IickDPikEtSJTekThqEk0fyTF7Jm/VkvVjv1sesNWfNZw7JH1ifPz1ymhw=</latexit>

Ĉ

<latexit sha1_base64="lDCTJ+XG1qjTf/YQWFtXG4v2jNU="></latexit>

C = E[(x→ µ)(x→ µ)T]

<latexit sha1_base64="puPbTLzMKib7aMHH3ksAEiJl4tA="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

<latexit sha1_base64="BDm51Oz6oQK1SCb2YDTFf54IjCY=">AAACMHicbVDLSgMxFM34rPVVdekmWAQXUmZEqsuiC124qGAf0Cklk7ljg5kHyR2xDPNJbvwU3Sgo4tavMNN24etCyOGce3NPjpdIodG2X6yZ2bn5hcXSUnl5ZXVtvbKx2dZxqji0eCxj1fWYBikiaKFACd1EAQs9CR3v5rTQO7egtIijKxwl0A/ZdSQCwRkaalA5cxHucPxO5skU8sz1AnfIkLbzffqPGEtfj0JzZUWXe2FW+SzPB5WqXbPHRf8CZwqqZFrNQeXR9WOehhAhl0zrnmMn2M+YQsEl5GU31ZAwfsOuoWdgxELQ/WzsJae7hvFpECtzIqRj9vtExkJduDSdIcOh/q0V5H9aL8XguJ+JKEkRIj5ZFKSSYkyL9KgvFHCUIwMYV8J4pXzIFONoMi6bEJzfX/4L2gc1p16rXx5WGyfTOEpkm+yQPeKQI9Ig56RJWoSTe/JEXsmb9WA9W+/Wx6R1xprObJEfZX1+Aa2LrGw=</latexit>

V̂, !̂
<latexit sha1_base64="bVyRy1+JZTsil/izLGVW1LJHtqw=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1I0gunHhooKthc5QMpk7Gsw8SO6IZZivceOvuHFREXHnp5i2s9DWCyGHc+7NPTl+KoVG2/6yZmbn5hcWK0vV5ZXVtfXaxmZbJ5ni0OKJTFTHZxqkiKGFAiV0UgUs8iXc+g8XQ/32EZQWSXyD/RS8iN3FIhScoaF6tVMX4QlH7+QKgiJ3/ZC2i306zScy0P3IXLl7ZRYErCh6tbrdsEdFp4FTgjopq9mrDdwg4VkEMXLJtO46dopezhQKLqGoupmGlPEHdgddA2MWgfbykY2C7homoGGizImRjtjfEzmL9NCh6YwY3utJbUj+p3UzDE+8XMRphhDz8aIwkxQTOsyMBkIBR9k3gHEljFfK75liHE2yVROCM/nladA+aDhHjaPrw/rZeRlHhWyTHbJHHHJMzsglaZIW4eSZvJIBebderDfrw/oct85Y5cwW+VPW9w8Hy6f8</latexit>

V,!
<latexit sha1_base64="+lvW1fP6jKnbf0KazBOVEk8nflQ=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsKuSPQYzMVjBPOAJITZSW8yZPbBTK8YlsWLv+LFgyJe/Qpv/o2TZA+aWNBQVHVPT5cbSaHRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqMFYcGjyUoWq7TIMUATRQoIR2pID5roSWO65N/dY9KC3C4A4nEfR8NgyEJzhDI/WLR12EB5y9kygYpEnSdT1Ka2naL5bssj0DXSZORkokQ71f/OoOQh77ECCXTOuOY0fYS5hCwSWkhW6sIWJ8zIbQMTRgPuheMlud0lOjDKgXKlMB0pn6eyJhvtYT3zWdPsORXvSm4n9eJ0bvqpeIIIoRAj5f5MWSYkinedCBUMBRTgxhXAnzV8pHTDGOJrWCCcFZPHmZNM/LTqVcub0oVa+zOPLkmJyQM+KQS1IlN6ROGoSTR/JMXsmb9WS9WO/Wx7w1Z2Uzh+QPrM8f2oCXug==</latexit>

C
<latexit sha1_base64="BDm51Oz6oQK1SCb2YDTFf54IjCY=">AAACMHicbVDLSgMxFM34rPVVdekmWAQXUmZEqsuiC124qGAf0Cklk7ljg5kHyR2xDPNJbvwU3Sgo4tavMNN24etCyOGce3NPjpdIodG2X6yZ2bn5hcXSUnl5ZXVtvbKx2dZxqji0eCxj1fWYBikiaKFACd1EAQs9CR3v5rTQO7egtIijKxwl0A/ZdSQCwRkaalA5cxHucPxO5skU8sz1AnfIkLbzffqPGEtfj0JzZUWXe2FW+SzPB5WqXbPHRf8CZwqqZFrNQeXR9WOehhAhl0zrnmMn2M+YQsEl5GU31ZAwfsOuoWdgxELQ/WzsJae7hvFpECtzIqRj9vtExkJduDSdIcOh/q0V5H9aL8XguJ+JKEkRIj5ZFKSSYkyL9KgvFHCUIwMYV8J4pXzIFONoMi6bEJzfX/4L2gc1p16rXx5WGyfTOEpkm+yQPeKQI9Ig56RJWoSTe/JEXsmb9WA9W+/Wx6R1xprObJEfZX1+Aa2LrGw=</latexit>

V̂, !̂
<latexit sha1_base64="bVyRy1+JZTsil/izLGVW1LJHtqw=">AAACJnicbVDLSgMxFM34rPVVdekmWAQXUmZE1I0gunHhooKthc5QMpk7Gsw8SO6IZZivceOvuHFREXHnp5i2s9DWCyGHc+7NPTl+KoVG2/6yZmbn5hcWK0vV5ZXVtfXaxmZbJ5ni0OKJTFTHZxqkiKGFAiV0UgUs8iXc+g8XQ/32EZQWSXyD/RS8iN3FIhScoaF6tVMX4QlH7+QKgiJ3/ZC2i306zScy0P3IXLl7ZRYErCh6tbrdsEdFp4FTgjopq9mrDdwg4VkEMXLJtO46dopezhQKLqGoupmGlPEHdgddA2MWgfbykY2C7homoGGizImRjtjfEzmL9NCh6YwY3utJbUj+p3UzDE+8XMRphhDz8aIwkxQTOsyMBkIBR9k3gHEljFfK75liHE2yVROCM/nladA+aDhHjaPrw/rZeRlHhWyTHbJHHHJMzsglaZIW4eSZvJIBebderDfrw/oct85Y5cwW+VPW9w8Hy6f8</latexit>

V,!
<latexit sha1_base64="Ff6PQuoa5XuNZgqLz2WtO16GNNA="></latexit>

→V̂x↑Vx→ = O

(
1

n1/2mini →=j |ωi ↑ ωj |

)

Unstable PCA transform when eigenvalues of covariance are close

[*] Loukas, Andreas, 2017
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Ø How to gauge stability?

             Output 𝐳 must be robust to number of samples 𝑛 used to estimate
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Stability of coVariance filter 

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="h6SBwPI7rU89RSlhTV/bqYhlYpg=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQ0kY1QoESkSRkkkiDFUXS+rMmJ80N3a0Rk+RNo+BUaChCipaTjb7g4LniNtNJoZvdud/xECo2O82nNzM7NLywuLVdWVtfWN+zNrY6OU8WhzWMZqyufaZAigjYKlHCVKGChL6Hr3zQmfvcWlBZxdInjBPohu45EIDhDIw3s/czzA9rMDzyEOyzey3yZQp55I4aF2cjzQzqwq07NKUD/ErckVVKiNbA/vGHM0xAi5JJp3XOdBPsZUyi4hLzipRoSxm/YNfQMjVgIup8VC+R0zyhDGsTKVIS0UL9PZCzUehz6pjNkONK/vYn4n9dLMTjtZyJKUoSITz8KUkkxppN06FAo4CjHhjCuhNmV8hFTjKPJsGJCcH+f/Jd0jmpuvVa/OK6enZdxLJEdsksOiEtOyBlpkhZpE07uySN5Ji/Wg/VkvVpv09YZq5zZJj9gvX8B42adIQ==</latexit>

H(Ĉ)
<latexit sha1_base64="GPnnwK7SFVOKDGkuv3o2xUV9fMg=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZBN2VGRN0IxW66rGBtoVNKJj1jg5kLyRlpHeZR3Pgqblwoojt9GtOxC209EPj4/3OSk9+LpdBo25/W3PzC4tJyYaW4ura+sVna2r7WUaI4NHkkI9X2mAYpQmiiQAntWAELPAkt77Y29lt3oLSIwiscxdAN2E0ofMEZGqlXOk1dz6f3GT2nOdWzAxdhiPnNqScTyFJ3wDA3a1l2mMMw65XKdsXOi86CM4EymVSjV/pw+xFPAgiRS6Z1x7Fj7KZMoeASsqKbaIgZv2U30DEYsgB0N83XyOi+UfrUj5Q5IdJc/T2RskDrUeCZzoDhQE97Y/E/r5Ogf9ZNRRgnCCH/echPJMWIjtOifaGAoxwZYFwJsyvlA6YYR5Np0YTgTH95Fq6PKs5J5eTyuFy9mMRRILtkjxwQh5ySKqmTBmkSTh7IE3khr9aj9Wy9We8/rXPWZGaH/Cnr6xv9DKOI</latexit>

z = H(Ĉ)x
<latexit sha1_base64="ihzGQTtzeOFMwiEytGvdwV+XR7Y="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

<latexit sha1_base64="X1jHEuhw6AoSPCpaVYUeNVkxgnQ=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwFGZEosdgLh4jmAUyIfR0apImPQvdNWIY5ubFX/HiQRGv/oI3/8bOctDEBwWP96q6up4XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudTd8iQ1rKsVyzZZXsKukycOSmROeq94pfbj3gSQIhcMq07jh1jN2UKBZeQFdxEQ8z4iA2gY2jIAtDddLo/o6dG6VM/UqZCpFP190TKAq3HgWc6A4ZDvehNxP+8ToL+VTcVYZwghHy2yE8kxYhOQqF9oYCjHBvCuBLmr5QPmWIcTXQFE4KzePIyaZ6XnUq5cntRql7P48iTI3JCzohDLkmV3JA6aRBOHskzeSVv1pP1Yr1bH7PWnDWfOSR/YH3+AN2MmfI=</latexit>

Ĉ
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Ø How to gauge stability?

             Output 𝐳 must be robust to number of samples 𝑛 used to estimate

Ø Compare filter outputs for sample and true covariance matrix

            metric of interest:   
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Stability of coVariance filter 

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x

<latexit sha1_base64="h6SBwPI7rU89RSlhTV/bqYhlYpg=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQ0kY1QoESkSRkkkiDFUXS+rMmJ80N3a0Rk+RNo+BUaChCipaTjb7g4LniNtNJoZvdud/xECo2O82nNzM7NLywuLVdWVtfWN+zNrY6OU8WhzWMZqyufaZAigjYKlHCVKGChL6Hr3zQmfvcWlBZxdInjBPohu45EIDhDIw3s/czzA9rMDzyEOyzey3yZQp55I4aF2cjzQzqwq07NKUD/ErckVVKiNbA/vGHM0xAi5JJp3XOdBPsZUyi4hLzipRoSxm/YNfQMjVgIup8VC+R0zyhDGsTKVIS0UL9PZCzUehz6pjNkONK/vYn4n9dLMTjtZyJKUoSITz8KUkkxppN06FAo4CjHhjCuhNmV8hFTjKPJsGJCcH+f/Jd0jmpuvVa/OK6enZdxLJEdsksOiEtOyBlpkhZpE07uySN5Ji/Wg/VkvVpv09YZq5zZJj9gvX8B42adIQ==</latexit>

H(Ĉ)
<latexit sha1_base64="GPnnwK7SFVOKDGkuv3o2xUV9fMg=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZBN2VGRN0IxW66rGBtoVNKJj1jg5kLyRlpHeZR3Pgqblwoojt9GtOxC209EPj4/3OSk9+LpdBo25/W3PzC4tJyYaW4ura+sVna2r7WUaI4NHkkI9X2mAYpQmiiQAntWAELPAkt77Y29lt3oLSIwiscxdAN2E0ofMEZGqlXOk1dz6f3GT2nOdWzAxdhiPnNqScTyFJ3wDA3a1l2mMMw65XKdsXOi86CM4EymVSjV/pw+xFPAgiRS6Z1x7Fj7KZMoeASsqKbaIgZv2U30DEYsgB0N83XyOi+UfrUj5Q5IdJc/T2RskDrUeCZzoDhQE97Y/E/r5Ogf9ZNRRgnCCH/echPJMWIjtOifaGAoxwZYFwJsyvlA6YYR5Np0YTgTH95Fq6PKs5J5eTyuFy9mMRRILtkjxwQh5ySKqmTBmkSTh7IE3khr9aj9Wy9We8/rXPWZGaH/Cnr6xv9DKOI</latexit>

z = H(Ĉ)x
<latexit sha1_base64="ihzGQTtzeOFMwiEytGvdwV+XR7Y="></latexit>

Ĉ =
1

n→ 1

n∑

i=1

(xi → µ̂)(xi → µ̂)T

<latexit sha1_base64="X1jHEuhw6AoSPCpaVYUeNVkxgnQ=">AAACB3icbVDJSgNBEO2JW4xb1KMgjUHwFGZEosdgLh4jmAUyIfR0apImPQvdNWIY5ubFX/HiQRGv/oI3/8bOctDEBwWP96q6up4XS6HRtr+t3Mrq2vpGfrOwtb2zu1fcP2jqKFEcGjySkWp7TIMUITRQoIR2rIAFnoSWN6pN/NY9KC2i8A7HMXQDNgiFLzhDI/WKxy7CA07fST2ZQJamrudTd8iQ1rKsVyzZZXsKukycOSmROeq94pfbj3gSQIhcMq07jh1jN2UKBZeQFdxEQ8z4iA2gY2jIAtDddLo/o6dG6VM/UqZCpFP190TKAq3HgWc6A4ZDvehNxP+8ToL+VTcVYZwghHy2yE8kxYhOQqF9oYCjHBvCuBLmr5QPmWIcTXQFE4KzePIyaZ6XnUq5cntRql7P48iTI3JCzohDLkmV3JA6aRBOHskzeSVv1pP1Yr1bH7PWnDWfOSR/YH3+AN2MmfI=</latexit>

Ĉ

<latexit sha1_base64="h6SBwPI7rU89RSlhTV/bqYhlYpg=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQ0kY1QoESkSRkkkiDFUXS+rMmJ80N3a0Rk+RNo+BUaChCipaTjb7g4LniNtNJoZvdud/xECo2O82nNzM7NLywuLVdWVtfWN+zNrY6OU8WhzWMZqyufaZAigjYKlHCVKGChL6Hr3zQmfvcWlBZxdInjBPohu45EIDhDIw3s/czzA9rMDzyEOyzey3yZQp55I4aF2cjzQzqwq07NKUD/ErckVVKiNbA/vGHM0xAi5JJp3XOdBPsZUyi4hLzipRoSxm/YNfQMjVgIup8VC+R0zyhDGsTKVIS0UL9PZCzUehz6pjNkONK/vYn4n9dLMTjtZyJKUoSITz8KUkkxppN06FAo4CjHhjCuhNmV8hFTjKPJsGJCcH+f/Jd0jmpuvVa/OK6enZdxLJEdsksOiEtOyBlpkhZpE07uySN5Ji/Wg/VkvVpv09YZq5zZJj9gvX8B42adIQ==</latexit>

H(Ĉ)
<latexit sha1_base64="GPnnwK7SFVOKDGkuv3o2xUV9fMg=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZBN2VGRN0IxW66rGBtoVNKJj1jg5kLyRlpHeZR3Pgqblwoojt9GtOxC209EPj4/3OSk9+LpdBo25/W3PzC4tJyYaW4ura+sVna2r7WUaI4NHkkI9X2mAYpQmiiQAntWAELPAkt77Y29lt3oLSIwiscxdAN2E0ofMEZGqlXOk1dz6f3GT2nOdWzAxdhiPnNqScTyFJ3wDA3a1l2mMMw65XKdsXOi86CM4EymVSjV/pw+xFPAgiRS6Z1x7Fj7KZMoeASsqKbaIgZv2U30DEYsgB0N83XyOi+UfrUj5Q5IdJc/T2RskDrUeCZzoDhQE97Y/E/r5Ogf9ZNRRgnCCH/echPJMWIjtOifaGAoxwZYFwJsyvlA6YYR5Np0YTgTH95Fq6PKs5J5eTyuFy9mMRRILtkjxwQh5ySKqmTBmkSTh7IE3khr9aj9Wy9We8/rXPWZGaH/Cnr6xv9DKOI</latexit>

z = H(Ĉ)x
<latexit sha1_base64="HUuxDe27WXdpzX5hHEGiGiieYu8=">AAACC3icbVC7SgNBFJ31GeMramkzGITYhF2RaBlMkzKCeUASwuzkbjI4+2DmrhiW7W38FRsLRWz9ATv/xskmhSYeuHA45965c48bSaHRtr+tldW19Y3N3FZ+e2d3b79wcNjSYaw4NHkoQ9VxmQYpAmiiQAmdSAHzXQlt96429dv3oLQIg1ucRND32SgQnuAMjTQonCQ916P1tNRDeMDsvUTBME0yvZamZ3RQKNplOwNdJs6cFMkcjUHhqzcMeexDgFwyrbuOHWE/YQoFl5Dme7GGiPE7NoKuoQHzQfeTbHdKT40ypF6oTAVIM/X3RMJ8rSe+azp9hmO96E3F/7xujN5VPxFBFCMEfLbIiyXFkE6DoUOhgKOcGMK4EuavlI+ZYhxNfHkTgrN48jJpnZedSrlyc1GsXs/jyJFjckJKxCGXpErqpEGahJNH8kxeyZv1ZL1Y79bHrHXFms8ckT+wPn8Az52a6Q==</latexit>

H(C)
<latexit sha1_base64="WtwQsQMhg2IczSdd7qdp2XQXzio=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiE+5Eoo0gprFUMFFIjrC3NxcX9z7YnRPjca2Nf8XGQhFb/4Gd/8bNJYUmPhh4vDezs/O8RAqNtv1tzczOzS8slpbKyyura+uVjc22jlPFocVjGatrj2mQIoIWCpRwnShgoSfhyrttDv2rO1BaxNElDhJwQ9aPRCA4QyP1KjTregF9oMf0rNZFuMfiyUyBn2fNfO8+71Wqdt0uQKeJMyZVMsZ5r/LV9WOehhAhl0zrjmMn6GZMoeAS8nI31ZAwfsv60DE0YiFoNyvW5nTXKD4NYmUqQlqovycyFmo9CD3TGTK80ZPeUPzP66QYHLmZiJIUIeKjRUEqKcZ0GAv1hQKOcmAI40qYv1J+wxTjaMIrmxCcyZOnSXu/7jTqjYuD6snpOI4S2SY7pEYcckhOyBk5Jy3CySN5Jq/kzXqyXqx362PUOmONZ7bIH1ifP/Lameg=</latexit>

z = H(C)x

<latexit sha1_base64="NsYLR0aZMUCeeYnj0+fsWf9OCjU=">AAACOnicbVC7TsMwFHV4lvIqMLJYVEgwUCUIFUZEl45ForRSU1WOe0MtnIfsG0QV8l0sfAUbAwsDCLHyAbhpBl5HsnR0zrm+9vFiKTTa9pM1Mzs3v7BYWiovr6yurVc2Ni91lCgObR7JSHU9pkGKENooUEI3VsACT0LHu25M/M4NKC2i8ALHMfQDdhUKX3CGRhpUzt271PV82sz2XIRbzG9MPZlAluaGO2JIG1m2Tw/oP0kFwyI4Dbl3g0rVrtk56F/iFKRKCrQGlUd3GPEkgBC5ZFr3HDvGfsoUCi4hK7uJhpjxa3YFPUNDFoDup/n6jO4aZUj9SJkTIs3V7xMpC7QeB55JBgxH+rc3Ef/zegn6J/1UhHGCEPLpIj+RFCM66ZEOhQKOcmwI40qYt1I+YopxNG2XTQnO7y//JZeHNadeq58fVU/PijpKZJvskD3ikGNySpqkRdqEk3vyTF7Jm/VgvVjv1sc0OmMVM1vkB6zPL5WUreE=</latexit>

→H(Ĉ)↑H(C)→
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Stability of coVariance filter 

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x

coVariance filter output is 
asymptotically consistent

Stability result [Sihag et al., 2022]

<latexit sha1_base64="h6SBwPI7rU89RSlhTV/bqYhlYpg=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQ0kY1QoESkSRkkkiDFUXS+rMmJ80N3a0Rk+RNo+BUaChCipaTjb7g4LniNtNJoZvdud/xECo2O82nNzM7NLywuLVdWVtfWN+zNrY6OU8WhzWMZqyufaZAigjYKlHCVKGChL6Hr3zQmfvcWlBZxdInjBPohu45EIDhDIw3s/czzA9rMDzyEOyzey3yZQp55I4aF2cjzQzqwq07NKUD/ErckVVKiNbA/vGHM0xAi5JJp3XOdBPsZUyi4hLzipRoSxm/YNfQMjVgIup8VC+R0zyhDGsTKVIS0UL9PZCzUehz6pjNkONK/vYn4n9dLMTjtZyJKUoSITz8KUkkxppN06FAo4CjHhjCuhNmV8hFTjKPJsGJCcH+f/Jd0jmpuvVa/OK6enZdxLJEdsksOiEtOyBlpkhZpE07uySN5Ji/Wg/VkvVpv09YZq5zZJj9gvX8B42adIQ==</latexit>

H(Ĉ)
<latexit sha1_base64="GPnnwK7SFVOKDGkuv3o2xUV9fMg=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZBN2VGRN0IxW66rGBtoVNKJj1jg5kLyRlpHeZR3Pgqblwoojt9GtOxC209EPj4/3OSk9+LpdBo25/W3PzC4tJyYaW4ura+sVna2r7WUaI4NHkkI9X2mAYpQmiiQAntWAELPAkt77Y29lt3oLSIwiscxdAN2E0ofMEZGqlXOk1dz6f3GT2nOdWzAxdhiPnNqScTyFJ3wDA3a1l2mMMw65XKdsXOi86CM4EymVSjV/pw+xFPAgiRS6Z1x7Fj7KZMoeASsqKbaIgZv2U30DEYsgB0N83XyOi+UfrUj5Q5IdJc/T2RskDrUeCZzoDhQE97Y/E/r5Ogf9ZNRRgnCCH/echPJMWIjtOifaGAoxwZYFwJsyvlA6YYR5Np0YTgTH95Fq6PKs5J5eTyuFy9mMRRILtkjxwQh5ySKqmTBmkSTh7IE3khr9aj9Wy9We8/rXPWZGaH/Cnr6xv9DKOI</latexit>

z = H(Ĉ)x
<latexit sha1_base64="HUuxDe27WXdpzX5hHEGiGiieYu8=">AAACC3icbVC7SgNBFJ31GeMramkzGITYhF2RaBlMkzKCeUASwuzkbjI4+2DmrhiW7W38FRsLRWz9ATv/xskmhSYeuHA45965c48bSaHRtr+tldW19Y3N3FZ+e2d3b79wcNjSYaw4NHkoQ9VxmQYpAmiiQAmdSAHzXQlt96429dv3oLQIg1ucRND32SgQnuAMjTQonCQ916P1tNRDeMDsvUTBME0yvZamZ3RQKNplOwNdJs6cFMkcjUHhqzcMeexDgFwyrbuOHWE/YQoFl5Dme7GGiPE7NoKuoQHzQfeTbHdKT40ypF6oTAVIM/X3RMJ8rSe+azp9hmO96E3F/7xujN5VPxFBFCMEfLbIiyXFkE6DoUOhgKOcGMK4EuavlI+ZYhxNfHkTgrN48jJpnZedSrlyc1GsXs/jyJFjckJKxCGXpErqpEGahJNH8kxeyZv1ZL1Y79bHrHXFms8ckT+wPn8Az52a6Q==</latexit>

H(C)
<latexit sha1_base64="WtwQsQMhg2IczSdd7qdp2XQXzio=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiE+5Eoo0gprFUMFFIjrC3NxcX9z7YnRPjca2Nf8XGQhFb/4Gd/8bNJYUmPhh4vDezs/O8RAqNtv1tzczOzS8slpbKyyura+uVjc22jlPFocVjGatrj2mQIoIWCpRwnShgoSfhyrttDv2rO1BaxNElDhJwQ9aPRCA4QyP1KjTregF9oMf0rNZFuMfiyUyBn2fNfO8+71Wqdt0uQKeJMyZVMsZ5r/LV9WOehhAhl0zrjmMn6GZMoeAS8nI31ZAwfsv60DE0YiFoNyvW5nTXKD4NYmUqQlqovycyFmo9CD3TGTK80ZPeUPzP66QYHLmZiJIUIeKjRUEqKcZ0GAv1hQKOcmAI40qYv1J+wxTjaMIrmxCcyZOnSXu/7jTqjYuD6snpOI4S2SY7pEYcckhOyBk5Jy3CySN5Jq/kzXqyXqx362PUOmONZ7bIH1ifP/Lameg=</latexit>

z = H(C)x

<latexit sha1_base64="muDgJSJsar7vzpj//e4JuJ3uQ2Y="></latexit>∥∥∥H(Ĉ)→H(C)
∥∥∥ = O

(
1

n1/2→ω

)
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Stability of coVariance filter 

<latexit sha1_base64="U5D63DBTHRvol7e9xg9+zFEKj8Q="></latexit>

Assumption.

coVariance filter output is 
asymptotically consistent

coVariance filter sacrifices 
discriminability between close 
eigenvalues for stability

<latexit sha1_base64="9rZb89XFR5UTQI9lkaqCBjWoAOM="></latexit>

|h(ωi)→ h(ωj)| ↑ Q
|ωi → ωj |

ki

<latexit sha1_base64="APzQahu4RiC/n9FZ2SVtm1rTAVQ="></latexit>

Frequency response of filter H(C) satisfies

<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x
<latexit sha1_base64="XOVAqc09SQrEX7octEOVuheEo9Y=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN2N2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHssHM0nQj+hQ8pAzaqzUznpBSJ6m/XLFrbpzkFXi5aQCORr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/m5U3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeO1nXCapQckWi8JUEBOT2e9kwBUyIyaWUKa4vZWwEVWUGZtQyYbgLb+8SloXVa9Wrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwzO8wpuTOC/Ou/OxaC04+cwx/IHz+QMynI9/</latexit>x

<latexit sha1_base64="h6SBwPI7rU89RSlhTV/bqYhlYpg=">AAACEHicbVC7TsNAEDzzJrwMlDQnIgQ0kY1QoESkSRkkkiDFUXS+rMmJ80N3a0Rk+RNo+BUaChCipaTjb7g4LniNtNJoZvdud/xECo2O82nNzM7NLywuLVdWVtfWN+zNrY6OU8WhzWMZqyufaZAigjYKlHCVKGChL6Hr3zQmfvcWlBZxdInjBPohu45EIDhDIw3s/czzA9rMDzyEOyzey3yZQp55I4aF2cjzQzqwq07NKUD/ErckVVKiNbA/vGHM0xAi5JJp3XOdBPsZUyi4hLzipRoSxm/YNfQMjVgIup8VC+R0zyhDGsTKVIS0UL9PZCzUehz6pjNkONK/vYn4n9dLMTjtZyJKUoSITz8KUkkxppN06FAo4CjHhjCuhNmV8hFTjKPJsGJCcH+f/Jd0jmpuvVa/OK6enZdxLJEdsksOiEtOyBlpkhZpE07uySN5Ji/Wg/VkvVpv09YZq5zZJj9gvX8B42adIQ==</latexit>

H(Ĉ)
<latexit sha1_base64="GPnnwK7SFVOKDGkuv3o2xUV9fMg=">AAACIHicbZDLSgMxFIYzXmu9VV26CRZBN2VGRN0IxW66rGBtoVNKJj1jg5kLyRlpHeZR3Pgqblwoojt9GtOxC209EPj4/3OSk9+LpdBo25/W3PzC4tJyYaW4ura+sVna2r7WUaI4NHkkI9X2mAYpQmiiQAntWAELPAkt77Y29lt3oLSIwiscxdAN2E0ofMEZGqlXOk1dz6f3GT2nOdWzAxdhiPnNqScTyFJ3wDA3a1l2mMMw65XKdsXOi86CM4EymVSjV/pw+xFPAgiRS6Z1x7Fj7KZMoeASsqKbaIgZv2U30DEYsgB0N83XyOi+UfrUj5Q5IdJc/T2RskDrUeCZzoDhQE97Y/E/r5Ogf9ZNRRgnCCH/echPJMWIjtOifaGAoxwZYFwJsyvlA6YYR5Np0YTgTH95Fq6PKs5J5eTyuFy9mMRRILtkjxwQh5ySKqmTBmkSTh7IE3khr9aj9Wy9We8/rXPWZGaH/Cnr6xv9DKOI</latexit>

z = H(Ĉ)x
<latexit sha1_base64="HUuxDe27WXdpzX5hHEGiGiieYu8=">AAACC3icbVC7SgNBFJ31GeMramkzGITYhF2RaBlMkzKCeUASwuzkbjI4+2DmrhiW7W38FRsLRWz9ATv/xskmhSYeuHA45965c48bSaHRtr+tldW19Y3N3FZ+e2d3b79wcNjSYaw4NHkoQ9VxmQYpAmiiQAmdSAHzXQlt96429dv3oLQIg1ucRND32SgQnuAMjTQonCQ916P1tNRDeMDsvUTBME0yvZamZ3RQKNplOwNdJs6cFMkcjUHhqzcMeexDgFwyrbuOHWE/YQoFl5Dme7GGiPE7NoKuoQHzQfeTbHdKT40ypF6oTAVIM/X3RMJ8rSe+azp9hmO96E3F/7xujN5VPxFBFCMEfLbIiyXFkE6DoUOhgKOcGMK4EuavlI+ZYhxNfHkTgrN48jJpnZedSrlyc1GsXs/jyJFjckJKxCGXpErqpEGahJNH8kxeyZv1ZL1Y79bHrHXFms8ckT+wPn8Az52a6Q==</latexit>

H(C)
<latexit sha1_base64="WtwQsQMhg2IczSdd7qdp2XQXzio=">AAACCXicbVA9SwNBEN3zM8avqKXNYhBiE+5Eoo0gprFUMFFIjrC3NxcX9z7YnRPjca2Nf8XGQhFb/4Gd/8bNJYUmPhh4vDezs/O8RAqNtv1tzczOzS8slpbKyyura+uVjc22jlPFocVjGatrj2mQIoIWCpRwnShgoSfhyrttDv2rO1BaxNElDhJwQ9aPRCA4QyP1KjTregF9oMf0rNZFuMfiyUyBn2fNfO8+71Wqdt0uQKeJMyZVMsZ5r/LV9WOehhAhl0zrjmMn6GZMoeAS8nI31ZAwfsv60DE0YiFoNyvW5nTXKD4NYmUqQlqovycyFmo9CD3TGTK80ZPeUPzP66QYHLmZiJIUIeKjRUEqKcZ0GAv1hQKOcmAI40qYv1J+wxTjaMIrmxCcyZOnSXu/7jTqjYuD6snpOI4S2SY7pEYcckhOyBk5Jy3CySN5Jq/kzXqyXqx362PUOmONZ7bIH1ifP/Lameg=</latexit>

z = H(C)x

<latexit sha1_base64="muDgJSJsar7vzpj//e4JuJ3uQ2Y="></latexit>∥∥∥H(Ĉ)→H(C)
∥∥∥ = O

(
1

n1/2→ω

)
Stability result [Sihag et al., 2022]
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Recall: Learning with coVariance filter versus PCA-based learning 
versus 
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Ø Learning with a coVariance filter

h( 0𝜆!)
h( 0𝜆")

Eigenvalue,
Eigenvector

<latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · ·<latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · ·<latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · ·
h( 0𝜆$)h( 0𝜆#)

Input 
data 

coVariance
filter

Inference
output

Readout 
function

0𝜆!,
3𝒗!

0𝜆",
3𝒗"

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

0𝜆%,
3𝒗%

Ø PCA-based learning

PCA
transform

Input 
data 

Regression 
model

Inference
output

𝛽!

𝛽"

𝛽#
𝛽$

0𝜆!,
3𝒗!

0𝜆",
3𝒗"

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

Eigenvalue,
Eigenvector

0𝜆%,
3𝒗%

<latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · · <latexit sha1_base64="Q0ijfFi1nCkcP4r56UgjnuvQRpo=">AAACAXicbVDLSgMxFM3UVx1fo24EN8FWcFVmiqjLohuXFewDOkPJZDJtaCYZkoxQhrrxV9y4UMStf+HOvzFtZ6GtBy4czrk3ufeEKaNKu+63VVpZXVvfKG/aW9s7u3vO/kFbiUxi0sKCCdkNkSKMctLSVDPSTSVBSchIJxzdTP3OA5GKCn6vxykJEjTgNKYYaSP1nSNfxdD2uaA8IlzbdtXHkdCq2ncqbs2dAS4TryAVUKDZd778SOAsMa9ghpTqeW6qgxxJTTEjE9vPFEkRHqEB6RnKUUJUkM8umMBTo0QwFtIU13Cm/p7IUaLUOAlNZ4L0UC16U/E/r5fp+CrIKU8zTTiefxRnDGoBp3HAiEqCNRsbgrCkZleIh0girE1otgnBWzx5mbTrNe+idn5XrzSuizjK4BicgDPggUvQALegCVoAg0fwDF7Bm/VkvVjv1se8tWQVM4fgD6zPH2C/lZE=</latexit>· · ·
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Why is coVariance filter more stable than PCA?

52

Ø Learning with a coVariance filter

Eigenvalue,
Eigenvector

h( 0𝜆$)h( 0𝜆#)

Input 
data 

coVariance
filter

Inference
output

Readout 
function

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

Ø PCA-based learning

PCA
transform

Input 
data 

Regression 
model

Inference
output

𝛽#
𝛽$

0𝜆#,
3𝒗#

0𝜆$,
3𝒗$

Eigenvalue,
Eigenvector
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Ø Learning with a coVariance filter

Eigenvalue,
Eigenvector

h( 0𝜆#)h( 0𝜆$)

Input 
data 

coVariance
filter

Inference
output

Readout 
function

0𝜆#,
3𝒗#

Ø PCA-based learning

PCA
transform

Input 
data 

Regression 
model

Inference
output

𝛽#
𝛽$

0𝜆#,
3𝒗#

Eigenvalue,
Eigenvector

0𝜆$,
3𝒗$

0𝜆$,
3𝒗$

Overfitting on the ordering of 
eigenvalues is source of instability

Why is coVariance filter more stable than PCA?
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Ø VNNs inherit the stability from coVariance filters

• Stability bound depends on the bound for filters 

• For a VNN with	𝐿 layers and 𝐹 filters in parallel, 

• Stability bound increases with number of layers and size of filter banks

Stability of VNNs

14/53

Covariance Neural Networks (VNNs)
Neural Network definition

↭ Covariance Neural Networks:
→ A VNN layer is a covariance filterbank followed by a non-linearity ω

→ u
l
f = ω

(∑Fin
g=1 H

l(Ĉ)ul→1
g

)
f = 1, . . . , Fout, l = 1, . . . , L.

Layer 1

Layer 2

x

z1 =
K→1∑

k=0

h1k Ĉk x x1 = ω
[
z1

]z1

z2 =
K→1∑

k=0

h2k Ĉk x1 x2 = ω
[
z2

]z2

x1

x1

x3 = !(x; Ĉ,H)

Sihag, Mateos, McMillan & Ribeiro. coVariance Neural Networks. NeurIPS, 2022

<latexit sha1_base64="hpHRJZEQlw3EV4dQhwJGLFiYInk="></latexit>∥∥∥H(Ĉ)→H(C)
∥∥∥ = O

(
1

n
1
2 → ω

)
= εn

<latexit sha1_base64="ZA74axx73u5QVSmX/6L+4quGwJw="></latexit>∥∥∥!(x, Ĉ;H)→ !(x,C;H)
∥∥∥ ↑ LFL→1ωn
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Stability of VNNs: Experiments

<latexit sha1_base64="Nrm/INbjutFXWkQfeWxU1JvlTt4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWULvZDYZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TRVmDxiJW7QA1E1yyhuFGsHaiGEaBYK1gdDvzW09MaR7LRzNOmB/hQPKQUzRWeijjea9YcivuHGSVeBkpQYZ6r/jV7cc0jZg0VKDWHc9NjD9BZTgVbFroppolSEc4YB1LJUZM+5P5qVNyZpU+CWNlSxoyV39PTDDSehwFtjNCM9TL3kz8z+ukJrz2J1wmqWGSLhaFqSAmJrO/SZ8rRo0YW4JUcXsroUNUSI1Np2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEUBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AivmNUQ==</latexit>

(a)

<latexit sha1_base64="04jmFCh2+dGXSQdgpCBbohShRNo=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZSD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AjH6NUg==</latexit>

(b)

<latexit sha1_base64="RD88VG1BkWJCL6LJSVMcSHtu1lE=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzI77xVLbsWdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZTBgyuowR3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AjgONUw==</latexit>

(c)

<latexit sha1_base64="I9M6MGu2rfTQStdyGIK9wwS1tiM=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRahXspuEfVY9OKxov2AdinZbLYNzSZLkhXK0p/gxYMiXv1F3vw3pu0etPXBwOO9GWbmBQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFo5kk1I/xULCIEWys9FANzwfliltz50CrxMtJBXI0B+WvfihJGlNhCMda9zw3MX6GlWGE02mpn2qaYDLGQ9qzVOCYaj+bnzpFZ1YJUSSVLWHQXP09keFY60kc2M4Ym5Fe9mbif14vNdG1nzGRpIYKslgUpRwZiWZ/o5ApSgyfWIKJYvZWREZYYWJsOiUbgrf88ipp12veZe3ivl5p3ORxFOEETqEKHlxBA+6gCS0gMIRneIU3hzsvzrvzsWgtOPnMMfyB8/kDj4iNVA==</latexit>

(d)

<latexit sha1_base64="QkPLdkSagwErQO6xjpiHNsiY1DA=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLspDcZMju7zMwKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGtzO/9YRK81g+mnGCfkQHkoecUWOlhzKe94olt+LOQVaJl5ESZKj3il/dfszSCKVhgmrd8dzE+BOqDGcCp4VuqjGhbEQH2LFU0gi1P5mfOiVnVumTMFa2pCFz9ffEhEZaj6PAdkbUDPWyNxP/8zqpCa/9CZdJalCyxaIwFcTEZPY36XOFzIixJZQpbm8lbEgVZcamU7AheMsvr5JmteJdVi7uq6XaTRZHHk7gFMrgwRXU4A7q0AAGA3iGV3hzhPPivDsfi9ack80cwx84nz+RDY1V</latexit>

(e)

<latexit sha1_base64="Wh8GlY0UviyHm5fO3I+sHKrTPWM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2E3iHoMevEY0TwgWcLsZDYZMju7zPQKIeQTvHhQxKtf5M2/cZLsQRMLGoqqbrq7gkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup35rSeujYjVI44T7kd0oEQoGEUrPZTD816x5FbcOcgq8TJSggz1XvGr249ZGnGFTFJjOp6boD+hGgWTfFropoYnlI3ogHcsVTTixp/MT52SM6v0SRhrWwrJXP09MaGRMeMosJ0RxaFZ9mbif14nxfDanwiVpMgVWywKU0kwJrO/SV9ozlCOLaFMC3srYUOqKUObTsGG4C2/vEqa1Yp3Wbm4r5ZqN1kceTiBUyiDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4AkpKNVg==</latexit>

(f)

<latexit sha1_base64="gYy6aVbwTOlUEdwpVsWp5Y+yZBU=">AAAB9XicbVBNS8NAEN34WetX1aOXxSJ4KkkR9Vj04rGC/YA2ls120i7dbMLuRCmh/8OLB0W8+l+8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMghYIGCpTQTjSwKJDQCkY3U7/1CNqIWN3jOAE/YgMlQsEZWukh65qQIhikBnDSK5XdijsDXSZeTsokR71X+ur2Y55GoJBLZkzHcxP0M6ZRcAmTYjc1kDA+YgPoWKpYBMbPZldP6KlV+jSMtS2FdKb+nshYZMw4CmxnxHBoFr2p+J/XSTG88jOhkhRB8fmiMJUUYzqNgPaFBo5ybAnjWthbKR8yzTjaoIo2BG/x5WXSrFa8i8r5XbVcu87jKJBjckLOiEcuSY3ckjppEE40eSav5M15cl6cd+dj3rri5DNH5A+czx+B3ZKG</latexit>

test set
<latexit sha1_base64="cmxFxVKsSIu4KTEAb22WuvIkyKM=">AAAB+3icbVDLSgNBEJz1GeMrxqOXwSB4CrtB1GPQi8cI5gHJEmYnvcmQ2dllplcMy/6KFw+KePVHvPk3Th4HTSxoKKq66e4KEikMuu63s7a+sbm1Xdgp7u7tHxyWjsotE6eaQ5PHMtadgBmQQkETBUroJBpYFEhoB+Pbqd9+BG1ErB5wkoAfsaESoeAMrdQvlbOeCSlqJpRQQ2oA836p4lbdGegq8RakQhZo9EtfvUHM0wgUcsmM6Xpugn7GNAouIS/2UgMJ42M2hK6likVg/Gx2e07PrDKgYaxtKaQz9fdExiJjJlFgOyOGI7PsTcX/vG6K4bWfCZWkCIrPF4WppBjTaRB0IDRwlBNLGNfC3kr5iGnG0cZVtCF4yy+vklat6l1WL+5rlfrNIo4COSGn5Jx45IrUyR1pkCbh5Ik8k1fy5uTOi/PufMxb15zFzDH5A+fzBxc9lHs=</latexit>

training set

VNN: coVariance Neural Network    

PCA-LR: PCA-regression with linear kernel     

PCA-rbf: PCA regression with rbf kernel

Ø Regression task

Ø Comparison against PCA-regression
      Data: cortical thickness dataset (𝑚 = 104) from (𝑛 = 341) human subjects 

Ø Metric: MAE (mean absolute error)

VNN
Cortical thickness

data 
Estimate of age 

<latexit sha1_base64="UY2bvqNcUXDMIGn7jATXMvpsQ44=">AAACAXicbVDLSsNAFJ34rPVVdSO4GSyCG0siUl0W68JlBfuAJoTJdNIOnUzCzI1QQtz4K25cKOLWv3Dn3zh9LLT1wIXDOfdy7z1BIrgG2/62lpZXVtfWCxvFza3tnd3S3n5Lx6mirEljEatOQDQTXLImcBCskyhGokCwdjCsj/32A1Oax/IeRgnzItKXPOSUgJH80qE7IIAzNwhxPfczeebeMAEkx36pbFfsCfAicWakjGZo+KUvtxfTNGISqCBadx07AS8jCjgVLC+6qWYJoUPSZ11DJYmY9rLJBzk+MUoPh7EyJQFP1N8TGYm0HkWB6YwIDPS8Nxb/87ophFdexmWSApN0uihMBYYYj+PAPa4YBTEyhFDFza2YDogiFExoRROCM//yImmdV5xqpXp3Ua5dz+IooCN0jE6Rgy5RDd2iBmoiih7RM3pFb9aT9WK9Wx/T1iVrNnOA/sD6/AFdbZY2</latexit>

Ĉn��

<latexit sha1_base64="W5i7lPNEBixYscvynNjqLPbDg30=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVBKR6rHYi8cK9gPaEDbbTbt0swm7E6XE/BQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvSATX4Djf1tr6xubWdmmnvLu3f3BoV446Ok4VZW0ai1j1AqKZ4JK1gYNgvUQxEgWCdYNJc+Z3H5jSPJb3ME2YF5GR5CGnBIzk25XBmADOBkGIm7mfyRz7dtWpOXPgVeIWpIoKtHz7azCMaRoxCVQQrfuuk4CXEQWcCpaXB6lmCaETMmJ9QyWJmPay+ek5PjPKEIexMiUBz9XfExmJtJ5GgemMCIz1sjcT//P6KYTXXsZlkgKTdLEoTAWGGM9ywEOuGAUxNYRQxc2tmI6JIhRMWmUTgrv88irpXNTceq1+d1lt3BRxlNAJOkXnyEVXqIFuUQu1EUWP6Bm9ojfryXqx3q2PReuaVcwcoz+wPn8AcOyTfQ==</latexit>

Ĉn

VNN outperforms PCA and is more stable
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Transferability of VNNs
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Empirical evidence of transferability across multiscale data

Ø Transferability across multiscale datasets

• Multiscale datasets capture same phenomenon at different scales

Brain imaging 
data 

Estimate of age 

Transferability across datasets with different number of features

5.39 ±	0.084

100-feature dataset 300-feature dataset

Testing
Training

100-feature dataset
5.5 ±	0.101

VNN
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Transferability

Ø Learning models could generalize to compatible datasets 

Ø compatible: different dimensionalities and describing the same domain

  

Evaluation plan

• Neuroimaging data analyses

• Remote sensing

2

Machine Learning with VNNs

• Theoretical principles 
 
      - bridging the gap between neural networks and traditional statistical learning (PCA)
      
      - guarantees on robustness and stability         reproducible decisions
  
      - transferability of models across heterogeneous datasets

• Credible machine learning solution for brain health assessment

<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)VNN

Covariance matrix

Input

VNN

Anatomical covariance matrix

Brain imaging
data

Brain health
status
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Foundation Models for Neuroscience
• Pre-trained ML models (foundation models) for biomarkers from data analyses in neuroscience

Multi-scale brain data
C

Brain health 
status

VNN
Credit: Mustafa Aksoy, UAlbany

Brain imaging data

Remote sensing
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Transferability

Ø Learning models could generalize to compatible datasets 

Ø compatible: different dimensionalities and describing the same domain

Ø Motivation: novel metric for generalizability, 
                          managing high dimensional data…

  

Credit: Mustafa Aksoy, UAlbany

Brain imaging data

Remote sensing

Evaluation plan

• Neuroimaging data analyses

• Remote sensing

2

Machine Learning with VNNs

• Theoretical principles 
 
      - bridging the gap between neural networks and traditional statistical learning (PCA)
      
      - guarantees on robustness and stability         reproducible decisions
  
      - transferability of models across heterogeneous datasets

• Credible machine learning solution for brain health assessment

<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)VNN

Covariance matrix

Input

VNN

Anatomical covariance matrix

Brain imaging
data

Brain health
status
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Foundation Models for Neuroscience
• Pre-trained ML models (foundation models) for biomarkers from data analyses in neuroscience

Multi-scale brain data
C

Brain health 
status

VNN
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Ø Most statistical approaches, including PCA, operate within the dimensionality 

                seamless transference not possible across different dimensionalities

Ø This section: How do VNNs transfer? 

                             When is transference successful?

  

60

Transferability

Evaluation plan

• Neuroimaging data analyses

• Remote sensing

2

Machine Learning with VNNs

• Theoretical principles 
 
      - bridging the gap between neural networks and traditional statistical learning (PCA)
      
      - guarantees on robustness and stability         reproducible decisions
  
      - transferability of models across heterogeneous datasets

• Credible machine learning solution for brain health assessment

<latexit sha1_base64="j+tQSqtBzrP90+IHnuBR1mja8Dw=">AAACGnicbZDLSsNAFIYn9VbjrerSzWArVJCSFFHBTbGb7qxgL9CEMJlO2qGTSZiZiCXkOdz4Km5cKOJO3Pg2Ti8Lrf4w8PGfczhzfj9mVCrL+jJyS8srq2v5dXNjc2t7p7C715ZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP6pP6p07IiSN+K0ax8QN0YDTgGKktOUVbEcG0DSvExUnCpac5pCWU8cP4H12CadQzzx+ohEjBhvZcckrFK2KNRX8C/YcimCuplf4cPoRTkLCFWZIyp5txcpNkVAUM5KZTiJJjPAIDUhPI0chkW46PS2DR9rpwyAS+nEFp+7PiRSFUo5DX3eGSA3lYm1i/lfrJSq4cFPK9dmE49miIGFQRXCSE+xTQbBiYw0IC6r/CvEQCYSVTtPUIdiLJ/+FdrVin1VOb6rF2tU8jjw4AIegDGxwDmqgAZqgBTB4AE/gBbwaj8az8Wa8z1pzxnxmH/yS8fkNA1ueXw==</latexit>

Output �(x;Cn,H)VNN

Covariance matrix

Input

VNN

Anatomical covariance matrix

Brain imaging
data

Brain health
status

50

Foundation Models for Neuroscience
• Pre-trained ML models (foundation models) for biomarkers from data analyses in neuroscience

Multi-scale brain data
C

Brain health 
status

VNN

Credit: Mustafa Aksoy, UAlbany
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coVariance filters are scale-free models

<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H
<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="AqiSb14E42tK16zXFN5YQeAKOBA=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHYi8cK9gPaGDbbTbt0Nwm7G6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dKOvbu3f3BYPjruqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeYNGd+95FKxeLoXk8T6gk8iljICNZGerCzQRCiZu5nwq/lfrniVJ050CpxC1KBAi2//DUYxiQVNNKEY6X6rpNoL8NSM8Jpbg9SRRNMJnhE+4ZGWFDlZfOrc3RulCEKY2kq0miu/p7IsFBqKgLTKbAeq2VvJv7n9VMdXnsZi5JU04gsFoUpRzpGswjQkElKNJ8agolk5lZExlhiok1QtgnBXX55lXRqVfeyWr+rVxo3RRwlOIUzuAAXrqABt9CCNhCQ8Ayv8GY9WS/Wu/WxaF2zipkT+APr8weR25Ht</latexit>

Cm2

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="8lqwsuGUSa07bktLXpD5pnd9Y2Q=">AAACJXicbZDLSsNAFIYn9VbjLerSzWArVJCSFFFBF8VuuqxgL9CUMJlO2qGTCzMTsYS8jBtfxY0LiwiufBWnbRBt/WHg5zvnMOf8bsSokKb5qeVWVtfWN/Kb+tb2zu6esX/QEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213VJvW2w+ECxoG93IckZ6PBgH1KEZSIce4sYUHdb1oN4a0lNg+kkPXg4+pk/hOJb2GP6iWoTOFMGKwnp4WHaNgls2Z4LKxMlMAmRqOMbH7IY59EkjMkBBdy4xkL0FcUsxIqtuxIBHCIzQgXWUD5BPRS2ZXpvBEkT70Qq5eIOGM/p5IkC/E2HdV53RnsVibwv9q3Vh6V72EBlEsSYDnH3kxgzKE08hgn3KCJRsrgzCnaleIh4gjLFWwugrBWjx52bQqZeuifH5XKVRvszjy4AgcgxKwwCWogjpogCbA4Am8gDcw0Z61V+1d+5i35rRs5hD8kfb1DUiBo00=</latexit>

�(xm2 ;Cm2 ,H)

<latexit sha1_base64="ssA/KSO6qPX52qkMEArKn2m+5KE=">AAACG3icbVDLSgMxFM34dnxVXboJVsGNZaaIuhTduFSwKrSl3MncqcFMMiR3hFL8Dzf+ihsXirgSXPg3prULXwcCh3PuSXJPUijpKIo+grHxicmp6ZnZcG5+YXGpsrxy7kxpBTaEUcZeJuBQSY0NkqTwsrAIeaLwIrk+GvgXN2idNPqMegW2c+hqmUkB5KVOpd5yGQ9b2kidoqYw3Mg79Y3tVOaoByFQPAUCXlgj0Dmpu7xTqUa1aAj+l8QjUmUjnHQqb63UiNLfSEKBc804KqjdB0tSKLwNW6XDAsQ1dLHpqYYcXbs/3O2Wb3ol5Zmx/mjiQ/V7og+5c7088ZM50JX77Q3E/7xmSdl+uy91URJq8fVQVipOhg+K4qm0KEj1PAFhpf8rF1dgQZCvM/QlxL9X/kvO67V4t7ZzWq8eHI7qmGFrbJ1tsZjtsQN2zE5Ygwl2xx7YE3sO7oPH4CV4/RodC0aZVfYDwfsnykqgEQ==</latexit>

m2-dimensional data processing

<latexit sha1_base64="asZbBSMliytojyRTSYVIGSjhCYs="></latexit>

KP
k=0

hkCk
m1

xm1

<latexit sha1_base64="K5VS3sfVSKZdWBMSBFXIAN/sDMQ=">AAACDnicbVC7TsMwFHV4lvAKMLJYVJXKUiWoAsaKLh2LRB9SG0WO67RW7SSyHUQV5QtY+BUWBhBiZWbjb3DTDNByJMvnnnOv7Hv8mFGpbPvbWFvf2NzaLu2Yu3v7B4fW0XFXRonApIMjFom+jyRhNCQdRRUj/VgQxH1Gev60Ofd790RIGoV3ahYTl6NxSAOKkdKSZ1VMMx36AWxl1fxuZl7KPSc7z6uHovKssl2zc8BV4hSkDAq0PetrOIpwwkmoMENSDhw7Vm6KhKKYkcwcJpLECE/RmAw0DREn0k3zdTJY0coIBpHQJ1QwV39PpIhLOeO+7uRITeSyNxf/8waJCq7dlIZxokiIFw8FCYMqgvNs4IgKghWbaYKwoPqvEE+QQFjpBE0dgrO88irpXtScy1r9tl5u3BRxlMApOANV4IAr0AAt0AYdgMEjeAav4M14Ml6Md+Nj0bpmFDMn4A+Mzx8TbJrq</latexit>

H(Cm1)xm1

<latexit sha1_base64="yPorfjnOFHwOcZdSCe3IZb8cjso=">AAACDnicbVC7TsMwFHXKq4RXgJHFoqpUliqpKmCs6NKxSPQhtVXkuE5r1XEi20FUUb6AhV9hYQAhVmY2/gY3zQAtR7J87jn3yr7HixiVyra/jcLG5tb2TnHX3Ns/ODyyjk+6MowFJh0cslD0PSQJo5x0FFWM9CNBUOAx0vNmzYXfuydC0pDfqXlERgGacOpTjJSWXKtsmsnQ82ErrWR3M3WTwK2lF1n1kFeuVbKrdga4TpyclECOtmt9DcchjgPCFWZIyoFjR2qUIKEoZiQ1h7EkEcIzNCEDTTkKiBwl2TopLGtlDP1Q6MMVzNTfEwkKpJwHnu4MkJrKVW8h/ucNYuVfjxLKo1gRjpcP+TGDKoSLbOCYCoIVm2uCsKD6rxBPkUBY6QRNHYKzuvI66daqzmW1flsvNW7yOIrgDJyDCnDAFWiAFmiDDsDgETyDV/BmPBkvxrvxsWwtGPnMKfgD4/MHFoSa7A==</latexit>

H(Cm2)xm2

<latexit sha1_base64="106P2YnpEp6FUKWlWAICsCXuL2w="></latexit>

KP
k=0

hkCk
m2

xm2

learnable parameters

<latexit sha1_base64="B/Ohu7jN0VCn702YmFy7qwrAUSg=">AAACG3icbVDLSgMxFM34dnxVXboJVsGNZaaL6lJ041LBqtCWcidzpwYzyZDcEUrxP9z4K25cKOJKcOHfmNYufB0IHM65J8k9SaGkoyj6CCYmp6ZnZufmw4XFpeWVyurauTOlFdgURhl7mYBDJTU2SZLCy8Ii5InCi+T6aOhf3KB10ugz6hfYyaGnZSYFkJe6lXrbZTxsayN1iprCcCvvxlu7qcxRD0OgeAoEvLBGoHNS93i3Uo1q0Qj8L4nHpMrGOOlW3tqpEaW/kYQC51pxVFBnAJakUHgbtkuHBYhr6GHLUw05us5gtNst3/ZKyjNj/dHER+r3xABy5/p54idzoCv32xuK/3mtkrL9zkDqoiTU4uuhrFScDB8WxVNpUZDqewLCSv9XLq7AgiBfZ+hLiH+v/Jec12txo9Y4rVcPDsd1zLENtsl2WMz22AE7ZiesyQS7Yw/siT0H98Fj8BK8fo1OBOPMOvuB4P0TyUygEg==</latexit>

m1-dimensional data processing

ØA coVariance filter           with scalar filter taps {ℎ$}	can process dataset (covariance matrix) 
of any arbitrary dimensionality: scale-free model

<latexit sha1_base64="Y70AWC/TrLD4Vg6IOu5Xw2860s0=">AAACCHicbVDLTsJAFL3FF+ILdelmIjHBDWmNQZdENywxkUcClUynU5gw7TQzUyNp+AG/wK1+gTvj1r/wA/wPB+hCwJPc5OSce3NPjhdzprRtf1u5tfWNza38dmFnd2//oHh41FIikYQ2ieBCdjysKGcRbWqmOe3EkuLQ47TtjW6nfvuRSsVEdK/HMXVDPIhYwAjWRnpIe16A6pNyj/hCn/eLJbtiz4BWiZOREmRo9Is/PV+QJKSRJhwr1XXsWLsplpoRTieFXqJojMkID2jX0AiHVLnpLPUEnRnFR4GQZiKNZurfixSHSo1Dz2yGWA/VsjcV//O6iQ6u3ZRFcaJpROaPgoQjLdC0AuQzSYnmY0MwkcxkRWSIJSbaFLXw5Wke1fTiLLewSloXFadaqd5dlmo3WUN5OIFTKIMDV1CDOjSgCQQkvMArvFnP1rv1YX3OV3NWdnMMC7C+fgGAd5pi</latexit>

H(·)
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VNNs as scale-free models

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="AqiSb14E42tK16zXFN5YQeAKOBA=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHYi8cK9gPaGDbbTbt0Nwm7G6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dKOvbu3f3BYPjruqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeYNGd+95FKxeLoXk8T6gk8iljICNZGerCzQRCiZu5nwq/lfrniVJ050CpxC1KBAi2//DUYxiQVNNKEY6X6rpNoL8NSM8Jpbg9SRRNMJnhE+4ZGWFDlZfOrc3RulCEKY2kq0miu/p7IsFBqKgLTKbAeq2VvJv7n9VMdXnsZi5JU04gsFoUpRzpGswjQkElKNJ8agolk5lZExlhiok1QtgnBXX55lXRqVfeyWr+rVxo3RRwlOIUzuAAXrqABt9CCNhCQ8Ayv8GY9WS/Wu/WxaF2zipkT+APr8weR25Ht</latexit>

Cm2

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="8lqwsuGUSa07bktLXpD5pnd9Y2Q=">AAACJXicbZDLSsNAFIYn9VbjLerSzWArVJCSFFFBF8VuuqxgL9CUMJlO2qGTCzMTsYS8jBtfxY0LiwiufBWnbRBt/WHg5zvnMOf8bsSokKb5qeVWVtfWN/Kb+tb2zu6esX/QEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213VJvW2w+ECxoG93IckZ6PBgH1KEZSIce4sYUHdb1oN4a0lNg+kkPXg4+pk/hOJb2GP6iWoTOFMGKwnp4WHaNgls2Z4LKxMlMAmRqOMbH7IY59EkjMkBBdy4xkL0FcUsxIqtuxIBHCIzQgXWUD5BPRS2ZXpvBEkT70Qq5eIOGM/p5IkC/E2HdV53RnsVibwv9q3Vh6V72EBlEsSYDnH3kxgzKE08hgn3KCJRsrgzCnaleIh4gjLFWwugrBWjx52bQqZeuifH5XKVRvszjy4AgcgxKwwCWogjpogCbA4Am8gDcw0Z61V+1d+5i35rRs5hD8kfb1DUiBo00=</latexit>

�(xm2 ;Cm2 ,H)
<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="8lqwsuGUSa07bktLXpD5pnd9Y2Q=">AAACJXicbZDLSsNAFIYn9VbjLerSzWArVJCSFFFBF8VuuqxgL9CUMJlO2qGTCzMTsYS8jBtfxY0LiwiufBWnbRBt/WHg5zvnMOf8bsSokKb5qeVWVtfWN/Kb+tb2zu6esX/QEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213VJvW2w+ECxoG93IckZ6PBgH1KEZSIce4sYUHdb1oN4a0lNg+kkPXg4+pk/hOJb2GP6iWoTOFMGKwnp4WHaNgls2Z4LKxMlMAmRqOMbH7IY59EkjMkBBdy4xkL0FcUsxIqtuxIBHCIzQgXWUD5BPRS2ZXpvBEkT70Qq5eIOGM/p5IkC/E2HdV53RnsVibwv9q3Vh6V72EBlEsSYDnH3kxgzKE08hgn3KCJRsrgzCnaleIh4gjLFWwugrBWjx52bQqZeuifH5XKVRvszjy4AgcgxKwwCWogjpogCbA4Am8gDcw0Z61V+1d+5i35rRs5hD8kfb1DUiBo00=</latexit>

�(xm2 ;Cm2 ,H)

<latexit sha1_base64="p6D8OKA8ypipfeV45AC6AzvPIQE="></latexit>

How to compare �(xm1 ;Cm1 ,H) and �(xm2 ;Cm2 ,H)?

<latexit sha1_base64="LlOxJyF0VilZ2gg+ul2DcXzh6yI=">AAACG3icbVDLSgMxFM34dnxVXboJVsGNZaaIuhTduFSwKrSl3MncqcFMMiR3hFL8Dzf+ihsXirgSXPg3prULXwcCh3PuSXJPUijpKIo+grHxicmp6ZnZcG5+YXGpsrxy7kxpBTaEUcZeJuBQSY0NkqTwsrAIeaLwIrk+GvgXN2idNPqMegW2c+hqmUkB5KVOpd5yGQ9b2kidoqYw3Mg78cZ2KnPUgxAongIBL6wR6JzUXd6pVKNaNAT/S+IRqbIRTjqVt1ZqROlvJKHAuWYcFdTugyUpFN6GrdJhAeIautj0VEOOrt0f7nbLN72S8sxYfzTxofo90YfcuV6e+Mkc6Mr99gbif16zpGy/3Ze6KAm1+HooKxUnwwdF8VRaFKR6noCw0v+ViyuwIMjXGfoS4t8r/yXn9Vq8W9s5rVcPDkd1zLA1ts62WMz22AE7ZieswQS7Yw/siT0H98Fj8BK8fo2OBaPMKvuB4P0TyKigEA==</latexit>

m1-dimensional data processing
<latexit sha1_base64="ssA/KSO6qPX52qkMEArKn2m+5KE=">AAACG3icbVDLSgMxFM34dnxVXboJVsGNZaaIuhTduFSwKrSl3MncqcFMMiR3hFL8Dzf+ihsXirgSXPg3prULXwcCh3PuSXJPUijpKIo+grHxicmp6ZnZcG5+YXGpsrxy7kxpBTaEUcZeJuBQSY0NkqTwsrAIeaLwIrk+GvgXN2idNPqMegW2c+hqmUkB5KVOpd5yGQ9b2kidoqYw3Mg79Y3tVOaoByFQPAUCXlgj0Dmpu7xTqUa1aAj+l8QjUmUjnHQqb63UiNLfSEKBc804KqjdB0tSKLwNW6XDAsQ1dLHpqYYcXbs/3O2Wb3ol5Zmx/mjiQ/V7og+5c7088ZM50JX77Q3E/7xmSdl+uy91URJq8fVQVipOhg+K4qm0KEj1PAFhpf8rF1dgQZCvM/QlxL9X/kvO67V4t7ZzWq8eHI7qmGFrbJ1tsZjtsQN2zE5Ygwl2xx7YE3sO7oPH4CV4/RodC0aZVfYDwfsnykqgEQ==</latexit>

m2-dimensional data processing

VNN VNN

<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

learnable parameters
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VNNs as scale-free models

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

<latexit sha1_base64="LlOxJyF0VilZ2gg+ul2DcXzh6yI=">AAACG3icbVDLSgMxFM34dnxVXboJVsGNZaaIuhTduFSwKrSl3MncqcFMMiR3hFL8Dzf+ihsXirgSXPg3prULXwcCh3PuSXJPUijpKIo+grHxicmp6ZnZcG5+YXGpsrxy7kxpBTaEUcZeJuBQSY0NkqTwsrAIeaLwIrk+GvgXN2idNPqMegW2c+hqmUkB5KVOpd5yGQ9b2kidoqYw3Mg78cZ2KnPUgxAongIBL6wR6JzUXd6pVKNaNAT/S+IRqbIRTjqVt1ZqROlvJKHAuWYcFdTugyUpFN6GrdJhAeIautj0VEOOrt0f7nbLN72S8sxYfzTxofo90YfcuV6e+Mkc6Mr99gbif16zpGy/3Ze6KAm1+HooKxUnwwdF8VRaFKR6noCw0v+ViyuwIMjXGfoS4t8r/yXn9Vq8W9s5rVcPDkd1zLA1ts62WMz22AE7ZieswQS7Yw/siT0H98Fj8BK8fo2OBaPMKvuB4P0TyKigEA==</latexit>

m1-dimensional data processing

VNN VNN

<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

learnable parameters

<latexit sha1_base64="Y89MvXpYA/nLnPYYzGhFv42IxKU=">AAAB8nicbVBNS8NAEN3Urxq/qh69LBbBU0mkqMeiF48V7AekoWy2m3bpZjfsTsQS+jO8eFDEq7/Gm//GbZuDtj4YeLw3w8y8KBXcgOd9O6W19Y3NrfK2u7O7t39QOTxqG5VpylpUCaW7ETFMcMlawEGwbqoZSSLBOtH4duZ3Hpk2XMkHmKQsTMhQ8phTAlYKsDvp570oxk/TfqXq1bw58CrxC1JFBZr9yldvoGiWMAlUEGMC30shzIkGTgWbur3MsJTQMRmywFJJEmbCfH7yFJ9ZZYBjpW1JwHP190ROEmMmSWQ7EwIjs+zNxP+8IIP4Osy5TDNgki4WxZnAoPDsfzzgmlEQE0sI1dzeiumIaELBpuTaEPzll1dJ+6LmX9bq9/Vq46aIo4xO0Ck6Rz66Qg10h5qohShS6Bm9ojcHnBfn3flYtJacYuYY/YHz+QNU5ZCn</latexit>yx <latexit sha1_base64="fC69RgC1alqFHOj5VOxBXDoAn5s=">AAACG3icbVDLSsNAFJ3UV42vqEs3g61QQUpSRAU3RTddVrAPaEqZTCft0MmDmYkYQv7Djb/ixoUirgQX/o2TNoi2Hhg495x7mXuPEzIqpGl+aYWl5ZXVteK6vrG5tb1j7O61RRBxTFo4YAHvOkgQRn3SklQy0g05QZ7DSMeZXGd+545wQQP/VsYh6Xto5FOXYiSVNDBqtnChrpft5phW4kFie0iOHRfep5fwp+ikJ6rAiMFGelweGCWzak4BF4mVkxLI0RwYH/YwwJFHfIkZEqJnmaHsJ4hLihlJdTsSJER4gkakp6iPPCL6yfS2FB4pZQjdgKvnSzhVf08kyBMi9hzVmW0r5r1M/M/rRdK96CfUDyNJfDz7yI0YlAHMgoJDygmWLFYEYU7VrhCPEUdYqjh1FYI1f/Iiadeq1ln19KZWql/lcRTBATgEFWCBc1AHDdAELYDBA3gCL+BVe9SetTftfdZa0PKZffAH2uc3ZeufKw==</latexit>

�(yx;W,H)

<latexit sha1_base64="5tWQtNyHVOv+zy3anHJ+X6pgR3k=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUKWW9ICTtab9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5LWRdW7rNbua5X6TR5HEU7gFM7Bgyuowx00oAkMBDzDK7w5j86L8+58LFoLTj5zDH/gfP4ANDGPcA==</latexit>

W

<latexit sha1_base64="AjjzCllfBIUE9srnye/W+VTV+28=">AAACHHicbVDLSgNBEJyNr7i+oh69DAbBU9iNoh6DXjxGMA/ILmF2djYZMjuzzPQKIeRDvPgrXjwo4sWD4N84eRw0saChqOqmuyvKBDfged9OYWV1bX2juOlube/s7pX2D5pG5ZqyBlVC6XZEDBNcsgZwEKydaUbSSLBWNLiZ+K0Hpg1X8h6GGQtT0pM84ZSAlbqls8Ak2A2k4jJmElw3JkBwphVlxnDZw1xiqiRwmavcYMFTDt1S2at4U+Bl4s9JGc1R75Y+g1jRPLULqCDGdHwvg3BENHAq2NgNcsMyQgekxzqWSpIyE46mz43xiVVinChtSwKeqr8nRiQ1ZphGtjMl0DeL3kT8z+vkkFyFIy6zHJiks0VJLjAoPEkKx1wzCmJoCaGa21sx7RNNKNg8XRuCv/jyMmlWK/5F5fyuWq5dz+MooiN0jE6Rjy5RDd2iOmogih7RM3pFb86T8+K8Ox+z1oIznzlEf+B8/QA4XqGC</latexit>

data processing in continuous limit

<latexit sha1_base64="XtNW3gW4lrqdE5YrZzx7Gcc1YSk="></latexit>

How to compare �(xm1 ;Cm1 ,H) and �(yx;W,H)?

Continuous limit of 
covariance matrices 

as 𝑚 → ∞
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Ø Graphs can have limit objects with uncountable number of nodes

64

Graphons as continuous limits

Ø Example: Stochastic block models [Ruiz et al., TSP, 2021]

RUIZ et al.: GRAPHON SIGNAL PROCESSING 4963

Fig. 2. Graphons and 12-node W-random graphs. (a) and (b) show SBM graphons and graphs with 2 communities and pcici = 0.8, pcicj = 0.2. (c) shows an
exponential graphon W(u, v) = exp(−2.3(u− v)2) and the corresponding graph.

for every (i, j) ∈ E ′, (β(i),β(j)) ∈ E . The graph F can thus be
interpreted as a graph pattern that we want to “identify” in G.

A motif F will typically occur in multiple locations of the
graph G. Thus, we can count the number of homomorphisms
between F and G, which we denote hom(F,G). Since there are
a total of |V||V ′| possible maps between the vertices of F and
G but only a fraction of them are homomorphisms, we further
define the density of homomorphisms from F to G as

t(F,G) =
hom(F,G)

|V||V ′| =

∑
β

∏
(i,j)∈E ′ [S]β(i)β(j)

|V||V ′| . (3)

This is easiest to understand when G is unweighted, in which
case t(F,G) is simply the fraction of the total number of ways
in which the motif F can be mapped into G.

The concept of homomorphism densities can also be gener-
alized to graphons. We define the density of homomorphisms
between the motif F and the graphon W as

t(F,W) =

∫

[0,1]|V ′ |

∏

(i,j)∈E ′

W(ui, uj)
∏

i∈V ′

dui. (4)

This can be interpreted as the probability of sampling the motifF
from the graphon W. With these definitions in hand, a sequence
of undirected graphs {Gn} is said to converge to the graphon
W if, for all finite simple graphs F,

lim
n→∞

t(F,Gn) = t(F,W). (5)

In this case, we refer to W as the limit graphon of the se-
quence. This form of convergence is called “convergence in
the homomorphism density sense”. An example of convergent
graph sequence that is easy to visualize is that of a sequence of
W-random graphs. The sequence of graphs {Gn} generated by
sampling {ui}ni=1 uniformly at random asn → ∞ can be shown
to converge in the homomorphism density sense with probability
one [26, Example 11.6, Lemma 11.8].

To conclude, we point out that, while the two interpretations
of a graphon — as a generative model for graph families and
as the limit object of graph sequences — are theoretical, their
practical value lies in that they can be used to identify sets of
graphs with large number of nodes and similar structure. This
simplifies the study of the properties of large graphs.

B. Convergence in Cut Norm

Similarly to how graphs can be obtained by sampling or
evaluating a graphon, graphons can be defined, or induced, by
graphs. Every undirected graph G = (V, E ,S) with |V| = n
and S ∈ [0, 1]n×n admits an induced graphon representation
WG. This graphon is obtained in two steps. First, we con-
struct a regular partition I1 ∪ . . . ∪ In of [0,1], i.e., the par-
tition given by Ij = [(j − 1)/n, j/n) for 1 ≤ j ≤ n− 1 and
In = [(n− 1)/n, 1]. Then, the induced graphon WG is defined
as [26, Chapter 7.1],[24, Sec. 5]

WG(u, v) =
n∑

j=1

n∑

k=1

[S]jk × I(u ∈ Ij)I(v ∈ Ik). (6)

The concept of induced graphon is useful to define a second
mode of convergence for graph sequences — convergence in
cut norm. The cut norm of a graphon W is defined as [26, eq.
(8.13)]

‖W‖! = sup
S,T⊆[0,1]

∣∣∣∣
∫

S×T
W(u, v)dudv

∣∣∣∣ (7)

i.e., it is equal to the size of its maximum cut. The following
lemma, adapted from [26, Theorem 11.57], states that if a
sequence of graphs{Gn} converges toW in the homomorphism
density sense, then it also converges to W in the cut norm.

Lemma 1 (Cut norm convergence): If {Gn} → W in the
homomorphism density sense, then there exists a sequence of
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Fig. 2. Graphons and 12-node W-random graphs. (a) and (b) show SBM graphons and graphs with 2 communities and pcici = 0.8, pcicj = 0.2. (c) shows an
exponential graphon W(u, v) = exp(−2.3(u− v)2) and the corresponding graph.

for every (i, j) ∈ E ′, (β(i),β(j)) ∈ E . The graph F can thus be
interpreted as a graph pattern that we want to “identify” in G.

A motif F will typically occur in multiple locations of the
graph G. Thus, we can count the number of homomorphisms
between F and G, which we denote hom(F,G). Since there are
a total of |V||V ′| possible maps between the vertices of F and
G but only a fraction of them are homomorphisms, we further
define the density of homomorphisms from F to G as

t(F,G) =
hom(F,G)

|V||V ′| =

∑
β

∏
(i,j)∈E ′ [S]β(i)β(j)

|V||V ′| . (3)

This is easiest to understand when G is unweighted, in which
case t(F,G) is simply the fraction of the total number of ways
in which the motif F can be mapped into G.

The concept of homomorphism densities can also be gener-
alized to graphons. We define the density of homomorphisms
between the motif F and the graphon W as

t(F,W) =

∫

[0,1]|V ′ |

∏

(i,j)∈E ′

W(ui, uj)
∏

i∈V ′

dui. (4)

This can be interpreted as the probability of sampling the motifF
from the graphon W. With these definitions in hand, a sequence
of undirected graphs {Gn} is said to converge to the graphon
W if, for all finite simple graphs F,

lim
n→∞

t(F,Gn) = t(F,W). (5)

In this case, we refer to W as the limit graphon of the se-
quence. This form of convergence is called “convergence in
the homomorphism density sense”. An example of convergent
graph sequence that is easy to visualize is that of a sequence of
W-random graphs. The sequence of graphs {Gn} generated by
sampling {ui}ni=1 uniformly at random asn → ∞ can be shown
to converge in the homomorphism density sense with probability
one [26, Example 11.6, Lemma 11.8].

To conclude, we point out that, while the two interpretations
of a graphon — as a generative model for graph families and
as the limit object of graph sequences — are theoretical, their
practical value lies in that they can be used to identify sets of
graphs with large number of nodes and similar structure. This
simplifies the study of the properties of large graphs.

B. Convergence in Cut Norm

Similarly to how graphs can be obtained by sampling or
evaluating a graphon, graphons can be defined, or induced, by
graphs. Every undirected graph G = (V, E ,S) with |V| = n
and S ∈ [0, 1]n×n admits an induced graphon representation
WG. This graphon is obtained in two steps. First, we con-
struct a regular partition I1 ∪ . . . ∪ In of [0,1], i.e., the par-
tition given by Ij = [(j − 1)/n, j/n) for 1 ≤ j ≤ n− 1 and
In = [(n− 1)/n, 1]. Then, the induced graphon WG is defined
as [26, Chapter 7.1],[24, Sec. 5]

WG(u, v) =
n∑

j=1

n∑

k=1

[S]jk × I(u ∈ Ij)I(v ∈ Ik). (6)

The concept of induced graphon is useful to define a second
mode of convergence for graph sequences — convergence in
cut norm. The cut norm of a graphon W is defined as [26, eq.
(8.13)]

‖W‖! = sup
S,T⊆[0,1]

∣∣∣∣
∫

S×T
W(u, v)dudv

∣∣∣∣ (7)

i.e., it is equal to the size of its maximum cut. The following
lemma, adapted from [26, Theorem 11.57], states that if a
sequence of graphs{Gn} converges toW in the homomorphism
density sense, then it also converges to W in the cut norm.

Lemma 1 (Cut norm convergence): If {Gn} → W in the
homomorphism density sense, then there exists a sequence of
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Fig. 2. Graphons and 12-node W-random graphs. (a) and (b) show SBM graphons and graphs with 2 communities and pcici = 0.8, pcicj = 0.2. (c) shows an
exponential graphon W(u, v) = exp(−2.3(u− v)2) and the corresponding graph.

for every (i, j) ∈ E ′, (β(i),β(j)) ∈ E . The graph F can thus be
interpreted as a graph pattern that we want to “identify” in G.

A motif F will typically occur in multiple locations of the
graph G. Thus, we can count the number of homomorphisms
between F and G, which we denote hom(F,G). Since there are
a total of |V||V ′| possible maps between the vertices of F and
G but only a fraction of them are homomorphisms, we further
define the density of homomorphisms from F to G as

t(F,G) =
hom(F,G)

|V||V ′| =

∑
β

∏
(i,j)∈E ′ [S]β(i)β(j)

|V||V ′| . (3)

This is easiest to understand when G is unweighted, in which
case t(F,G) is simply the fraction of the total number of ways
in which the motif F can be mapped into G.

The concept of homomorphism densities can also be gener-
alized to graphons. We define the density of homomorphisms
between the motif F and the graphon W as

t(F,W) =

∫

[0,1]|V ′ |

∏

(i,j)∈E ′

W(ui, uj)
∏

i∈V ′

dui. (4)

This can be interpreted as the probability of sampling the motifF
from the graphon W. With these definitions in hand, a sequence
of undirected graphs {Gn} is said to converge to the graphon
W if, for all finite simple graphs F,

lim
n→∞

t(F,Gn) = t(F,W). (5)

In this case, we refer to W as the limit graphon of the se-
quence. This form of convergence is called “convergence in
the homomorphism density sense”. An example of convergent
graph sequence that is easy to visualize is that of a sequence of
W-random graphs. The sequence of graphs {Gn} generated by
sampling {ui}ni=1 uniformly at random asn → ∞ can be shown
to converge in the homomorphism density sense with probability
one [26, Example 11.6, Lemma 11.8].

To conclude, we point out that, while the two interpretations
of a graphon — as a generative model for graph families and
as the limit object of graph sequences — are theoretical, their
practical value lies in that they can be used to identify sets of
graphs with large number of nodes and similar structure. This
simplifies the study of the properties of large graphs.

B. Convergence in Cut Norm

Similarly to how graphs can be obtained by sampling or
evaluating a graphon, graphons can be defined, or induced, by
graphs. Every undirected graph G = (V, E ,S) with |V| = n
and S ∈ [0, 1]n×n admits an induced graphon representation
WG. This graphon is obtained in two steps. First, we con-
struct a regular partition I1 ∪ . . . ∪ In of [0,1], i.e., the par-
tition given by Ij = [(j − 1)/n, j/n) for 1 ≤ j ≤ n− 1 and
In = [(n− 1)/n, 1]. Then, the induced graphon WG is defined
as [26, Chapter 7.1],[24, Sec. 5]

WG(u, v) =
n∑

j=1

n∑

k=1

[S]jk × I(u ∈ Ij)I(v ∈ Ik). (6)

The concept of induced graphon is useful to define a second
mode of convergence for graph sequences — convergence in
cut norm. The cut norm of a graphon W is defined as [26, eq.
(8.13)]

‖W‖! = sup
S,T⊆[0,1]

∣∣∣∣
∫

S×T
W(u, v)dudv

∣∣∣∣ (7)

i.e., it is equal to the size of its maximum cut. The following
lemma, adapted from [26, Theorem 11.57], states that if a
sequence of graphs{Gn} converges toW in the homomorphism
density sense, then it also converges to W in the cut norm.

Lemma 1 (Cut norm convergence): If {Gn} → W in the
homomorphism density sense, then there exists a sequence of
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Fig. 2. Graphons and 12-node W-random graphs. (a) and (b) show SBM graphons and graphs with 2 communities and pcici = 0.8, pcicj = 0.2. (c) shows an
exponential graphon W(u, v) = exp(−2.3(u− v)2) and the corresponding graph.

for every (i, j) ∈ E ′, (β(i),β(j)) ∈ E . The graph F can thus be
interpreted as a graph pattern that we want to “identify” in G.

A motif F will typically occur in multiple locations of the
graph G. Thus, we can count the number of homomorphisms
between F and G, which we denote hom(F,G). Since there are
a total of |V||V ′| possible maps between the vertices of F and
G but only a fraction of them are homomorphisms, we further
define the density of homomorphisms from F to G as

t(F,G) =
hom(F,G)

|V||V ′| =

∑
β

∏
(i,j)∈E ′ [S]β(i)β(j)

|V||V ′| . (3)

This is easiest to understand when G is unweighted, in which
case t(F,G) is simply the fraction of the total number of ways
in which the motif F can be mapped into G.

The concept of homomorphism densities can also be gener-
alized to graphons. We define the density of homomorphisms
between the motif F and the graphon W as

t(F,W) =

∫

[0,1]|V ′ |

∏

(i,j)∈E ′

W(ui, uj)
∏

i∈V ′

dui. (4)

This can be interpreted as the probability of sampling the motifF
from the graphon W. With these definitions in hand, a sequence
of undirected graphs {Gn} is said to converge to the graphon
W if, for all finite simple graphs F,

lim
n→∞

t(F,Gn) = t(F,W). (5)

In this case, we refer to W as the limit graphon of the se-
quence. This form of convergence is called “convergence in
the homomorphism density sense”. An example of convergent
graph sequence that is easy to visualize is that of a sequence of
W-random graphs. The sequence of graphs {Gn} generated by
sampling {ui}ni=1 uniformly at random asn → ∞ can be shown
to converge in the homomorphism density sense with probability
one [26, Example 11.6, Lemma 11.8].

To conclude, we point out that, while the two interpretations
of a graphon — as a generative model for graph families and
as the limit object of graph sequences — are theoretical, their
practical value lies in that they can be used to identify sets of
graphs with large number of nodes and similar structure. This
simplifies the study of the properties of large graphs.

B. Convergence in Cut Norm

Similarly to how graphs can be obtained by sampling or
evaluating a graphon, graphons can be defined, or induced, by
graphs. Every undirected graph G = (V, E ,S) with |V| = n
and S ∈ [0, 1]n×n admits an induced graphon representation
WG. This graphon is obtained in two steps. First, we con-
struct a regular partition I1 ∪ . . . ∪ In of [0,1], i.e., the par-
tition given by Ij = [(j − 1)/n, j/n) for 1 ≤ j ≤ n− 1 and
In = [(n− 1)/n, 1]. Then, the induced graphon WG is defined
as [26, Chapter 7.1],[24, Sec. 5]

WG(u, v) =
n∑

j=1

n∑

k=1

[S]jk × I(u ∈ Ij)I(v ∈ Ik). (6)

The concept of induced graphon is useful to define a second
mode of convergence for graph sequences — convergence in
cut norm. The cut norm of a graphon W is defined as [26, eq.
(8.13)]

‖W‖! = sup
S,T⊆[0,1]

∣∣∣∣
∫

S×T
W(u, v)dudv

∣∣∣∣ (7)

i.e., it is equal to the size of its maximum cut. The following
lemma, adapted from [26, Theorem 11.57], states that if a
sequence of graphs{Gn} converges toW in the homomorphism
density sense, then it also converges to W in the cut norm.

Lemma 1 (Cut norm convergence): If {Gn} → W in the
homomorphism density sense, then there exists a sequence of
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Ø Graphon: A graphon is a symmetric, bounded measurable function

• Node labels are graphon arguments 𝑢 ∈ 0,1

• edge weights are graphon values 𝐖 𝑢, 𝑣 = 𝐖(𝑣, 𝑢)
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Graphons as continuous limits

<latexit sha1_base64="sk/S8Kzyk+yP/BkxBPqoK+tLTvE=">AAACIXicbVDLSsNAFJ34rPEVdelmsBRcSEmKVHFVdOOyin1AEstkOmmHTh7MTMQS8gV+hl/gVr/AnbgT1/6HkzYL23phmMM593LPPV7MqJCm+aUtLa+srq2XNvTNre2dXWNvvy2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63ugq1zsPhAsahXdyHBM3QIOQ+hQjqaieUUkdz4ed7ALa5onl3tegE6BYyCj/5dDz0ttM13tG2ayak4KLwCpAGRTV7Bk/Tj/CSUBCiRkSwrbMWLop4pJiRjLdSQSJER6hAbEVDFFAhJtOzslgRTF96EdcvVDCCft3IkWBEOPAU525RzGv5eR/mp1I/9xNaRgnkoR4ushPGFTX5tnAPuUESzZWAGFOlVeIh4gjLFWCM1sep1ZVLtZ8CougXata9Wr95rTcuCwSKoFDcASOgQXOQANcgyZoAQyewAt4BW/as/aufWif09YlrZg5ADOlff8CkXaiuA==</latexit>

W : [0, 1]2 →↑ R
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Ø Graphon: A graphon is a symmetric, bounded measurable function

• Node labels are graphon arguments 𝑢 ∈ 0,1

• edge weights are graphon values 𝐖 𝑢, 𝑣 = 𝐖(𝑣, 𝑢)

Ø Transferability when covariance matrix is part of some converging sequence

66

Graphons as continuous limits

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="AqiSb14E42tK16zXFN5YQeAKOBA=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHYi8cK9gPaGDbbTbt0Nwm7G6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dKOvbu3f3BYPjruqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeYNGd+95FKxeLoXk8T6gk8iljICNZGerCzQRCiZu5nwq/lfrniVJ050CpxC1KBAi2//DUYxiQVNNKEY6X6rpNoL8NSM8Jpbg9SRRNMJnhE+4ZGWFDlZfOrc3RulCEKY2kq0miu/p7IsFBqKgLTKbAeq2VvJv7n9VMdXnsZi5JU04gsFoUpRzpGswjQkElKNJ8agolk5lZExlhiok1QtgnBXX55lXRqVfeyWr+rVxo3RRwlOIUzuAAXrqABt9CCNhCQ8Ayv8GY9WS/Wu/WxaF2zipkT+APr8weR25Ht</latexit>

Cm2

Symmetric continuous
function (graphon) 𝐖

<latexit sha1_base64="3NtuYJabIMI+dPFhp9vlxnuG8hk=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4KokW9VjsxWMF+wFtDJvtpl26m4TdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1srq2vrGZmnL3t7Z3dsvHxy2VZxKQlsk5rHsBlhRziLa0kxz2k0kxSLgtBOMG1O/80ilYnF0rycJ9QQeRixkBGsjPdhZPwhRI/cz4V/kfrniVJ0Z0DJxC1KBAk2//NUfxCQVNNKEY6V6rpNoL8NSM8JpbvdTRRNMxnhIe4ZGWFDlZbOrc3RqlAEKY2kq0mim/p7IsFBqIgLTKbAeqUVvKv7n9VIdXnsZi5JU04jMF4UpRzpG0wjQgElKNJ8Ygolk5lZERlhiok1QtgnBXXx5mbTPq+5ltXZXq9RvijhKcAwncAYuXEEdbqEJLSAg4Rle4c16sl6sd+tj3rpiFTNH8AfW5w+TYJHu</latexit>

Cm3

<latexit sha1_base64="sk/S8Kzyk+yP/BkxBPqoK+tLTvE=">AAACIXicbVDLSsNAFJ34rPEVdelmsBRcSEmKVHFVdOOyin1AEstkOmmHTh7MTMQS8gV+hl/gVr/AnbgT1/6HkzYL23phmMM593LPPV7MqJCm+aUtLa+srq2XNvTNre2dXWNvvy2ihGPSwhGLeNdDgjAakpakkpFuzAkKPEY63ugq1zsPhAsahXdyHBM3QIOQ+hQjqaieUUkdz4ed7ALa5onl3tegE6BYyCj/5dDz0ttM13tG2ayak4KLwCpAGRTV7Bk/Tj/CSUBCiRkSwrbMWLop4pJiRjLdSQSJER6hAbEVDFFAhJtOzslgRTF96EdcvVDCCft3IkWBEOPAU525RzGv5eR/mp1I/9xNaRgnkoR4ushPGFTX5tnAPuUESzZWAGFOlVeIh4gjLFWCM1sep1ZVLtZ8CougXata9Wr95rTcuCwSKoFDcASOgQXOQANcgyZoAQyewAt4BW/as/aufWif09YlrZg5ADOlff8CkXaiuA==</latexit>

W : [0, 1]2 →↑ R
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Problem formulation for transferability

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

Representation of discrete VNN
output on interval [0,1]

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

<latexit sha1_base64="BB+zuH+Wb5qvvGNNTqi5oqKxNec=">AAACFHicbZDLSsNAFIYnXmu8RV26GWwFQShJEXVZ7MZlBXuBJoTJdNIOnUzCzKRYQh/Cja/ixoUibl24822ctFlo6w8DH/85hznnDxJGpbLtb2NldW19Y7O0ZW7v7O7tWweHbRmnApMWjlksugGShFFOWooqRrqJICgKGOkEo0Ze74yJkDTm92qSEC9CA05DipHSlm+dm64ModmIx0hQxDGBEVKCPsBK5moaBiFsTP0s8p1pxbfKdtWeCS6DU0AZFGr61pfbj3EaEa4wQ1L2HDtRXoaEopiRqemmkiQIj9CA9DRyFBHpZbOjpvBUO30YxkI/ruDM/T2RoUjKSRToznxRuVjLzf9qvVSF115GeZIqwvH8ozBlUMUwTwj2qSBYsYkGhAXVu0I8RAJhpXM0dQjO4snL0K5VncvqxV2tXL8p4iiBY3ACzoADrkAd3IImaAEMHsEzeAVvxpPxYrwbH/PWFaOYOQJ/ZHz+AK9cnV4=</latexit>

Covariance matrix Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

<latexit sha1_base64="PqoZwz9ujnI2oSeyK5WnDOtQr5Y=">AAACFHicbVDJSgNBEO1xd9yiHr00JoIihJkg6lHUg8cIRoUkDDWdGm3sWeiuEcOQj/Dir3jxoIhXD978GzvLwe1BUY/3quiuF2ZKGvK8T2dsfGJyanpm1p2bX1hcKi2vnJs01wIbIlWpvgzBoJIJNkiSwstMI8Shwovw5qjvX9yiNjJNzqibYTuGq0RGUgBZKShtt0zEXfcYCHilaIURv+sFRRz4vQrfrNhe4REC5RrNVlAqe1VvAP6X+CNSZiPUg9JHq5OKPMaEhAJjmr6XUbsATVIo7Lmt3GAG4gausGlpAjGadjE4qsc3rNLhUaptJcQH6veNAmJjunFoJ2Oga/Pb64v/ec2cov12IZMsJ0zE8KEoV5xS3k+Id6RGQaprCQgt7V+5uAYNgmyOrg3B/33yX3Jeq/q71Z3TWvngcBTHDFtj62yT+WyPHbATVmcNJtg9e2TP7MV5cJ6cV+dtODrmjHZW2Q84719ZHJvo</latexit>

Data xm1 (m1 features)

<latexit sha1_base64="L4SiOGXZ7aqAAcLhvUhxyDIC3Is=">AAACBHicbZC7TsMwFIYdriXcAoxdLFqkslRJhYCxgoWxSPQiNVHluE5r1XYi20EqUQcWXoWFAYRYeQg23ga3zQAtv2Tp03/O0fH5w4RRpV3321pZXVvf2Cxs2ds7u3v7zsFhS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdD2tt++JVDQWd3qckICjgaARxUgbq+cUfRVBu6LoA4Fl3vN8TTlR0FD5tOeU3Ko7E1wGL4cSyNXoOV9+P8YpJ0JjhpTqem6igwxJTTEjE9tPFUkQHqEB6RoUyKwKstkRE3hinD6MYmme0HDm/p7IEFdqzEPTyZEeqsXa1Pyv1k11dBlkVCSpJgLPF0UpgzqG00Rgn0qCNRsbQFhS81eIh0girE1utgnBWzx5GVq1qndePbutlepXeRwFUATHoAI8cAHq4AY0QBNg8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB6AWlis=</latexit>

(size m1 ⇥m1)
<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

VNN
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Problem formulation for transferability

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

Representation of discrete VNN
output on interval [0,1]

0 1

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

<latexit sha1_base64="qiI26DU8kqqyEXTBOZLmDYA1yls=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX5Iu5Rsmm1Dk+ySZIWl9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vp357SeqNIvlg8kSGgg8lCxiBBsrPbo9HbluJav0S2Wv6s2BVomfkzLkaPRLX71BTFJBpSEca931vcQEE6wMI5xO3V6qaYLJGA9p11KJBdXBZH7wFJ1ZZYCiWNmSBs3V3xMTLLTORGg7BTYjvezNxP+8bmqi62DCZJIaKsliUZRyZGI0+x4NmKLE8MwSTBSztyIywgoTYzNybQj+8surpFWr+pfVi/tauX6Tx1GEEziFc/DhCupwBw1oAgEBz/AKb45yXpx352PRWnDymWP4A+fzB4kWju8=</latexit>y

<latexit sha1_base64="BB+zuH+Wb5qvvGNNTqi5oqKxNec=">AAACFHicbZDLSsNAFIYnXmu8RV26GWwFQShJEXVZ7MZlBXuBJoTJdNIOnUzCzKRYQh/Cja/ixoUibl24822ctFlo6w8DH/85hznnDxJGpbLtb2NldW19Y7O0ZW7v7O7tWweHbRmnApMWjlksugGShFFOWooqRrqJICgKGOkEo0Ze74yJkDTm92qSEC9CA05DipHSlm+dm64ModmIx0hQxDGBEVKCPsBK5moaBiFsTP0s8p1pxbfKdtWeCS6DU0AZFGr61pfbj3EaEa4wQ1L2HDtRXoaEopiRqemmkiQIj9CA9DRyFBHpZbOjpvBUO30YxkI/ruDM/T2RoUjKSRToznxRuVjLzf9qvVSF115GeZIqwvH8ozBlUMUwTwj2qSBYsYkGhAXVu0I8RAJhpXM0dQjO4snL0K5VncvqxV2tXL8p4iiBY3ACzoADrkAd3IImaAEMHsEzeAVvxpPxYrwbH/PWFaOYOQJ/ZHz+AK9cnV4=</latexit>

Covariance matrix Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

<latexit sha1_base64="PqoZwz9ujnI2oSeyK5WnDOtQr5Y=">AAACFHicbVDJSgNBEO1xd9yiHr00JoIihJkg6lHUg8cIRoUkDDWdGm3sWeiuEcOQj/Dir3jxoIhXD978GzvLwe1BUY/3quiuF2ZKGvK8T2dsfGJyanpm1p2bX1hcKi2vnJs01wIbIlWpvgzBoJIJNkiSwstMI8Shwovw5qjvX9yiNjJNzqibYTuGq0RGUgBZKShtt0zEXfcYCHilaIURv+sFRRz4vQrfrNhe4REC5RrNVlAqe1VvAP6X+CNSZiPUg9JHq5OKPMaEhAJjmr6XUbsATVIo7Lmt3GAG4gausGlpAjGadjE4qsc3rNLhUaptJcQH6veNAmJjunFoJ2Oga/Pb64v/ec2cov12IZMsJ0zE8KEoV5xS3k+Id6RGQaprCQgt7V+5uAYNgmyOrg3B/33yX3Jeq/q71Z3TWvngcBTHDFtj62yT+WyPHbATVmcNJtg9e2TP7MV5cJ6cV+dtODrmjHZW2Q84719ZHJvo</latexit>

Data xm1 (m1 features)

<latexit sha1_base64="L4SiOGXZ7aqAAcLhvUhxyDIC3Is=">AAACBHicbZC7TsMwFIYdriXcAoxdLFqkslRJhYCxgoWxSPQiNVHluE5r1XYi20EqUQcWXoWFAYRYeQg23ga3zQAtv2Tp03/O0fH5w4RRpV3321pZXVvf2Cxs2ds7u3v7zsFhS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdD2tt++JVDQWd3qckICjgaARxUgbq+cUfRVBu6LoA4Fl3vN8TTlR0FD5tOeU3Ko7E1wGL4cSyNXoOV9+P8YpJ0JjhpTqem6igwxJTTEjE9tPFUkQHqEB6RoUyKwKstkRE3hinD6MYmme0HDm/p7IEFdqzEPTyZEeqsXa1Pyv1k11dBlkVCSpJgLPF0UpgzqG00Rgn0qCNRsbQFhS81eIh0girE1utgnBWzx5GVq1qndePbutlepXeRwFUATHoAI8cAHq4AY0QBNg8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB6AWlis=</latexit>

(size m1 ⇥m1)
<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

<latexit sha1_base64="+l2Tkkc+3DTFTHXBz63/Aaldb4E=">AAACBXicbVDLSsNAFJ3UV42vqEtdDLZCBSlJEXVZdOOygn1AGstkMmmHTiZhZiKU0I0bf8WNC0Xc+g/u/BunbRbaeuDC4Zx7Z+49fsKoVLb9bRSWlldW14rr5sbm1vaOtbvXknEqMGnimMWi4yNJGOWkqahipJMIgiKfkbY/vJ747QciJI35nRolxItQn9OQYqS01LMOuzI0TbMSkFC/EMCYw7Jrnzrefa180rNKdtWeAi4SJyclkKPRs766QYzTiHCFGZLSdexEeRkSimJGxmY3lSRBeIj6xNWUo4hIL5teMYbHWglgGAtdXMGp+nsiQ5GUo8jXnRFSAznvTcT/PDdV4aWXUZ6kinA8+yhMGVQxnEQCAyoIVmykCcKC6l0hHiCBsNLBmToEZ/7kRdKqVZ3z6tltrVS/yuMoggNwBCrAARegDm5AAzQBBo/gGbyCN+PJeDHejY9Za8HIZ/bBHxifP6IzlXc=</latexit>

(defined on [0, 1]2) <latexit sha1_base64="nNl2QhQffoGHNRuYqBgVRRAVw9A=">AAACEHicbVC7SgNBFJ2Nr7i+opY2g4loFXaDqGUwjWUE84AkhNnJbDJkdmaZuSuGJZ9g46/YWChia2nn3zh5FJp44MLhnHu5954gFtyA5307mZXVtfWN7Ka7tb2zu5fbP6gblWjKalQJpZsBMUxwyWrAQbBmrBmJAsEawbAy8Rv3TBuu5B2MYtaJSF/ykFMCVurmTtsmdF23oiRwmajE4B4BggWPOODCqJu2gxA/jAvdXN4relPgZeLPSR7NUe3mvto9RZOISaCCGNPyvRg6KdHAqWBjt50YFhM6JH3WslSSiJlOOn1ojE+s0sOh0rYk4Kn6eyIlkTGjKLCdEYGBWfQm4n9eK4HwqpNyGSfAJJ0tChOBQeFJOrjHNaMgRpYQqrm9FdMB0YSCzdC1IfiLLy+TeqnoXxTPb0v58vU8jiw6QsfoDPnoEpXRDaqiGqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPkKibrw==</latexit>

Continuous data limit yx

VNN

VNN

<latexit sha1_base64="od6N6pAucCn+o3Zi7AXpQbP+Bqo=">AAACEHicbVC7TsMwFHV4lvAKMLJYtAimKulQGCu6MBaJPqQmqhzXaa3aTmQ7FVXUT2DhV1gYQIiVkY2/wW0zQMuRrnR0zr26954wYVRp1/221tY3Nre2Czv27t7+waFzdNxScSoxaeKYxbITIkUYFaSpqWakk0iCeMhIOxzVZ357TKSisbjXk4QEHA0EjShG2kg958JXkW3b9XiMJEUCE8iRlvQBMsqphqXMDyPYnpZ6TtEtu3PAVeLlpAhyNHrOl9+PccqJ0Jghpbqem+ggQ1JTzMjU9lNFEoRHaEC6hgrEiQqy+UNTeG6UPoxiaUpoOFd/T2SIKzXhoek05w7VsjcT//O6qY6ug4yKJNVE4MWiKGVQx3CWDuxTSbBmE0MQltTcCvEQSYS1ydA2IXjLL6+SVqXsVcvVu0qxdpPHUQCn4AxcAg9cgRq4BQ3QBBg8gmfwCt6sJ+vFerc+Fq1rVj5zAv7A+vwBN3abdw==</latexit>

Covariance matrix limit W

<latexit sha1_base64="h6eyxLdtsrOLMOJ5nODOdcDl5Yg=">AAACEnicbZDLSsNAFIYn9VbjrerSzWArtCAl6aIKbopuuqxgL9CUMJlO2qGTSZiZiCHkGdz4Km5cKOLWlTvfxulloa0/DHz85xzOnN+LGJXKsr6N3Nr6xuZWftvc2d3bPygcHnVkGAtM2jhkoeh5SBJGOWkrqhjpRYKgwGOk601upvXuPRGShvxOJREZBGjEqU8xUtpyCxVH+qZplpzWmJYTN3U8Hz5kV3AG3ew8dTBisJlVSm6haFWtmeAq2AsogoVabuHLGYY4DghXmCEp+7YVqUGKhKKYkcx0YkkihCdoRPoaOQqIHKSzkzJ4pp0h9EOhH1dw5v6eSFEgZRJ4ujNAaiyXa1Pzv1o/Vv7lIKU8ihXheL7IjxlUIZzmA4dUEKxYogFhQfVfIR4jgbDSKZo6BHv55FXo1Kp2vVq/rRUb14s48uAEnIIysMEFaIAmaIE2wOARPINX8GY8GS/Gu/Exb80Zi5lj8EfG5w8kEZtJ</latexit>

!(yx;W,H)



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications 69

Problem formulation for transferability

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

Representation of discrete VNN
output on interval [0,1]

0 1

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

<latexit sha1_base64="qiI26DU8kqqyEXTBOZLmDYA1yls=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX5Iu5Rsmm1Dk+ySZIWl9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vp357SeqNIvlg8kSGgg8lCxiBBsrPbo9HbluJav0S2Wv6s2BVomfkzLkaPRLX71BTFJBpSEca931vcQEE6wMI5xO3V6qaYLJGA9p11KJBdXBZH7wFJ1ZZYCiWNmSBs3V3xMTLLTORGg7BTYjvezNxP+8bmqi62DCZJIaKsliUZRyZGI0+x4NmKLE8MwSTBSztyIywgoTYzNybQj+8surpFWr+pfVi/tauX6Tx1GEEziFc/DhCupwBw1oAgEBz/AKb45yXpx352PRWnDymWP4A+fzB4kWju8=</latexit>y

<latexit sha1_base64="T25rGqBsjr3lGqIOG6JsIMX5mec="></latexit>

Find #, such that, kym1 � yk2  #

<latexit sha1_base64="BB+zuH+Wb5qvvGNNTqi5oqKxNec=">AAACFHicbZDLSsNAFIYnXmu8RV26GWwFQShJEXVZ7MZlBXuBJoTJdNIOnUzCzKRYQh/Cja/ixoUibl24822ctFlo6w8DH/85hznnDxJGpbLtb2NldW19Y7O0ZW7v7O7tWweHbRmnApMWjlksugGShFFOWooqRrqJICgKGOkEo0Ze74yJkDTm92qSEC9CA05DipHSlm+dm64ModmIx0hQxDGBEVKCPsBK5moaBiFsTP0s8p1pxbfKdtWeCS6DU0AZFGr61pfbj3EaEa4wQ1L2HDtRXoaEopiRqemmkiQIj9CA9DRyFBHpZbOjpvBUO30YxkI/ruDM/T2RoUjKSRToznxRuVjLzf9qvVSF115GeZIqwvH8ozBlUMUwTwj2qSBYsYkGhAXVu0I8RAJhpXM0dQjO4snL0K5VncvqxV2tXL8p4iiBY3ACzoADrkAd3IImaAEMHsEzeAVvxpPxYrwbH/PWFaOYOQJ/ZHz+AK9cnV4=</latexit>

Covariance matrix Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

<latexit sha1_base64="PqoZwz9ujnI2oSeyK5WnDOtQr5Y=">AAACFHicbVDJSgNBEO1xd9yiHr00JoIihJkg6lHUg8cIRoUkDDWdGm3sWeiuEcOQj/Dir3jxoIhXD978GzvLwe1BUY/3quiuF2ZKGvK8T2dsfGJyanpm1p2bX1hcKi2vnJs01wIbIlWpvgzBoJIJNkiSwstMI8Shwovw5qjvX9yiNjJNzqibYTuGq0RGUgBZKShtt0zEXfcYCHilaIURv+sFRRz4vQrfrNhe4REC5RrNVlAqe1VvAP6X+CNSZiPUg9JHq5OKPMaEhAJjmr6XUbsATVIo7Lmt3GAG4gausGlpAjGadjE4qsc3rNLhUaptJcQH6veNAmJjunFoJ2Oga/Pb64v/ec2cov12IZMsJ0zE8KEoV5xS3k+Id6RGQaprCQgt7V+5uAYNgmyOrg3B/33yX3Jeq/q71Z3TWvngcBTHDFtj62yT+WyPHbATVmcNJtg9e2TP7MV5cJ6cV+dtODrmjHZW2Q84719ZHJvo</latexit>

Data xm1 (m1 features)

<latexit sha1_base64="L4SiOGXZ7aqAAcLhvUhxyDIC3Is=">AAACBHicbZC7TsMwFIYdriXcAoxdLFqkslRJhYCxgoWxSPQiNVHluE5r1XYi20EqUQcWXoWFAYRYeQg23ga3zQAtv2Tp03/O0fH5w4RRpV3321pZXVvf2Cxs2ds7u3v7zsFhS8WpxKSJYxbLTogUYVSQpqaakU4iCeIhI+1wdD2tt++JVDQWd3qckICjgaARxUgbq+cUfRVBu6LoA4Fl3vN8TTlR0FD5tOeU3Ko7E1wGL4cSyNXoOV9+P8YpJ0JjhpTqem6igwxJTTEjE9tPFUkQHqEB6RoUyKwKstkRE3hinD6MYmme0HDm/p7IEFdqzEPTyZEeqsXa1Pyv1k11dBlkVCSpJgLPF0UpgzqG00Rgn0qCNRsbQFhS81eIh0girE1utgnBWzx5GVq1qndePbutlepXeRwFUATHoAI8cAHq4AY0QBNg8AiewSt4s56sF+vd+pi3rlj5zBH4I+vzB6AWlis=</latexit>

(size m1 ⇥m1)
<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

<latexit sha1_base64="+l2Tkkc+3DTFTHXBz63/Aaldb4E=">AAACBXicbVDLSsNAFJ3UV42vqEtdDLZCBSlJEXVZdOOygn1AGstkMmmHTiZhZiKU0I0bf8WNC0Xc+g/u/BunbRbaeuDC4Zx7Z+49fsKoVLb9bRSWlldW14rr5sbm1vaOtbvXknEqMGnimMWi4yNJGOWkqahipJMIgiKfkbY/vJ747QciJI35nRolxItQn9OQYqS01LMOuzI0TbMSkFC/EMCYw7Jrnzrefa180rNKdtWeAi4SJyclkKPRs766QYzTiHCFGZLSdexEeRkSimJGxmY3lSRBeIj6xNWUo4hIL5teMYbHWglgGAtdXMGp+nsiQ5GUo8jXnRFSAznvTcT/PDdV4aWXUZ6kinA8+yhMGVQxnEQCAyoIVmykCcKC6l0hHiCBsNLBmToEZ/7kRdKqVZ3z6tltrVS/yuMoggNwBCrAARegDm5AAzQBBo/gGbyCN+PJeDHejY9Za8HIZ/bBHxifP6IzlXc=</latexit>

(defined on [0, 1]2) <latexit sha1_base64="nNl2QhQffoGHNRuYqBgVRRAVw9A=">AAACEHicbVC7SgNBFJ2Nr7i+opY2g4loFXaDqGUwjWUE84AkhNnJbDJkdmaZuSuGJZ9g46/YWChia2nn3zh5FJp44MLhnHu5954gFtyA5307mZXVtfWN7Ka7tb2zu5fbP6gblWjKalQJpZsBMUxwyWrAQbBmrBmJAsEawbAy8Rv3TBuu5B2MYtaJSF/ykFMCVurmTtsmdF23oiRwmajE4B4BggWPOODCqJu2gxA/jAvdXN4relPgZeLPSR7NUe3mvto9RZOISaCCGNPyvRg6KdHAqWBjt50YFhM6JH3WslSSiJlOOn1ojE+s0sOh0rYk4Kn6eyIlkTGjKLCdEYGBWfQm4n9eK4HwqpNyGSfAJJ0tChOBQeFJOrjHNaMgRpYQqrm9FdMB0YSCzdC1IfiLLy+TeqnoXxTPb0v58vU8jiw6QsfoDPnoEpXRDaqiGqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPkKibrw==</latexit>

Continuous data limit yx

VNN

VNN

<latexit sha1_base64="od6N6pAucCn+o3Zi7AXpQbP+Bqo=">AAACEHicbVC7TsMwFHV4lvAKMLJYtAimKulQGCu6MBaJPqQmqhzXaa3aTmQ7FVXUT2DhV1gYQIiVkY2/wW0zQMuRrnR0zr26954wYVRp1/221tY3Nre2Czv27t7+waFzdNxScSoxaeKYxbITIkUYFaSpqWakk0iCeMhIOxzVZ357TKSisbjXk4QEHA0EjShG2kg958JXkW3b9XiMJEUCE8iRlvQBMsqphqXMDyPYnpZ6TtEtu3PAVeLlpAhyNHrOl9+PccqJ0Jghpbqem+ggQ1JTzMjU9lNFEoRHaEC6hgrEiQqy+UNTeG6UPoxiaUpoOFd/T2SIKzXhoek05w7VsjcT//O6qY6ug4yKJNVE4MWiKGVQx3CWDuxTSbBmE0MQltTcCvEQSYS1ydA2IXjLL6+SVqXsVcvVu0qxdpPHUQCn4AxcAg9cgRq4BQ3QBBg8gmfwCt6sJ+vFerc+Fq1rVj5zAv7A+vwBN3abdw==</latexit>

Covariance matrix limit W

<latexit sha1_base64="h6eyxLdtsrOLMOJ5nODOdcDl5Yg=">AAACEnicbZDLSsNAFIYn9VbjrerSzWArtCAl6aIKbopuuqxgL9CUMJlO2qGTSZiZiCHkGdz4Km5cKOLWlTvfxulloa0/DHz85xzOnN+LGJXKsr6N3Nr6xuZWftvc2d3bPygcHnVkGAtM2jhkoeh5SBJGOWkrqhjpRYKgwGOk601upvXuPRGShvxOJREZBGjEqU8xUtpyCxVH+qZplpzWmJYTN3U8Hz5kV3AG3ew8dTBisJlVSm6haFWtmeAq2AsogoVabuHLGYY4DghXmCEp+7YVqUGKhKKYkcx0YkkihCdoRPoaOQqIHKSzkzJ4pp0h9EOhH1dw5v6eSFEgZRJ4ujNAaiyXa1Pzv1o/Vv7lIKU8ihXheL7IjxlUIZzmA4dUEKxYogFhQfVfIR4jgbDSKZo6BHv55FXo1Kp2vVq/rRUb14s48uAEnIIysMEFaIAmaIE2wOARPINX8GY8GS/Gu/Exb80Zi5lj8EfG5w8kEZtJ</latexit>

!(yx;W,H)
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VNNs are provably transferable 

VNN VNN

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

0 1

<latexit sha1_base64="qiI26DU8kqqyEXTBOZLmDYA1yls=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX5Iu5Rsmm1Dk+ySZIWl9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vp357SeqNIvlg8kSGgg8lCxiBBsrPbo9HbluJav0S2Wv6s2BVomfkzLkaPRLX71BTFJBpSEca931vcQEE6wMI5xO3V6qaYLJGA9p11KJBdXBZH7wFJ1ZZYCiWNmSBs3V3xMTLLTORGg7BTYjvezNxP+8bmqi62DCZJIaKsliUZRyZGI0+x4NmKLE8MwSTBSztyIywgoTYzNybQj+8surpFWr+pfVi/tauX6Tx1GEEziFc/DhCupwBw1oAgEBz/AKb45yXpx352PRWnDymWP4A+fzB4kWju8=</latexit>y

<latexit sha1_base64="nNl2QhQffoGHNRuYqBgVRRAVw9A=">AAACEHicbVC7SgNBFJ2Nr7i+opY2g4loFXaDqGUwjWUE84AkhNnJbDJkdmaZuSuGJZ9g46/YWChia2nn3zh5FJp44MLhnHu5954gFtyA5307mZXVtfWN7Ka7tb2zu5fbP6gblWjKalQJpZsBMUxwyWrAQbBmrBmJAsEawbAy8Rv3TBuu5B2MYtaJSF/ykFMCVurmTtsmdF23oiRwmajE4B4BggWPOODCqJu2gxA/jAvdXN4relPgZeLPSR7NUe3mvto9RZOISaCCGNPyvRg6KdHAqWBjt50YFhM6JH3WslSSiJlOOn1ojE+s0sOh0rYk4Kn6eyIlkTGjKLCdEYGBWfQm4n9eK4HwqpNyGSfAJJ0tChOBQeFJOrjHNaMgRpYQqrm9FdMB0YSCzdC1IfiLLy+TeqnoXxTPb0v58vU8jiw6QsfoDPnoEpXRDaqiGqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPkKibrw==</latexit>

Continuous data limit yx

<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

learnable parameters

Transferability bound*

<latexit sha1_base64="h6eyxLdtsrOLMOJ5nODOdcDl5Yg=">AAACEnicbZDLSsNAFIYn9VbjrerSzWArtCAl6aIKbopuuqxgL9CUMJlO2qGTSZiZiCHkGdz4Km5cKOLWlTvfxulloa0/DHz85xzOnN+LGJXKsr6N3Nr6xuZWftvc2d3bPygcHnVkGAtM2jhkoeh5SBJGOWkrqhjpRYKgwGOk601upvXuPRGShvxOJREZBGjEqU8xUtpyCxVH+qZplpzWmJYTN3U8Hz5kV3AG3ew8dTBisJlVSm6haFWtmeAq2AsogoVabuHLGYY4DghXmCEp+7YVqUGKhKKYkcx0YkkihCdoRPoaOQqIHKSzkzJ4pp0h9EOhH1dw5v6eSFEgZRJ4ujNAaiyXa1Pzv1o/Vv7lIKU8ihXheL7IjxlUIZzmA4dUEKxYogFhQfVfIR4jgbDSKZo6BHv55FXo1Kp2vVq/rRUb14s48uAEnIIysMEFaIAmaIE2wOARPINX8GY8GS/Gu/Exb80Zi5lj8EfG5w8kEZtJ</latexit>

!(yx;W,H)

<latexit sha1_base64="YteRecMMzs4ygPjxJ1HFoRmX46U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUKWW9ICTtab9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMBDzDK7w5j86L8+58LFoLTj5zDH/gfP4ANNWPcg==</latexit>

W

<latexit sha1_base64="pFvr3WMR0b/GwmVD17UWcQ5j7fg="></latexit>

→ym1 ↑ y→ ↓ O

(
1

m3ω/2→1
1

)
, for ω ↔ (2/3, 1]

Transferability bound* [Sihag et al., 2024]
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VNNs are provably transferable 

VNN VNN

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

0 1

<latexit sha1_base64="qiI26DU8kqqyEXTBOZLmDYA1yls=">AAAB8HicbVBNSwMxEJ2tX3X9qnr0EmwFT2W3iHosevFYwX5Iu5Rsmm1Dk+ySZIWl9Fd48aCIV3+ON/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rb7s7u3v5B6fCopeNUEdokMY9VJ8SaciZp0zDDaSdRFIuQ03Y4vp357SeqNIvlg8kSGgg8lCxiBBsrPbo9HbluJav0S2Wv6s2BVomfkzLkaPRLX71BTFJBpSEca931vcQEE6wMI5xO3V6qaYLJGA9p11KJBdXBZH7wFJ1ZZYCiWNmSBs3V3xMTLLTORGg7BTYjvezNxP+8bmqi62DCZJIaKsliUZRyZGI0+x4NmKLE8MwSTBSztyIywgoTYzNybQj+8surpFWr+pfVi/tauX6Tx1GEEziFc/DhCupwBw1oAgEBz/AKb45yXpx352PRWnDymWP4A+fzB4kWju8=</latexit>y

<latexit sha1_base64="nNl2QhQffoGHNRuYqBgVRRAVw9A=">AAACEHicbVC7SgNBFJ2Nr7i+opY2g4loFXaDqGUwjWUE84AkhNnJbDJkdmaZuSuGJZ9g46/YWChia2nn3zh5FJp44MLhnHu5954gFtyA5307mZXVtfWN7Ka7tb2zu5fbP6gblWjKalQJpZsBMUxwyWrAQbBmrBmJAsEawbAy8Rv3TBuu5B2MYtaJSF/ykFMCVurmTtsmdF23oiRwmajE4B4BggWPOODCqJu2gxA/jAvdXN4relPgZeLPSR7NUe3mvto9RZOISaCCGNPyvRg6KdHAqWBjt50YFhM6JH3WslSSiJlOOn1ojE+s0sOh0rYk4Kn6eyIlkTGjKLCdEYGBWfQm4n9eK4HwqpNyGSfAJJ0tChOBQeFJOrjHNaMgRpYQqrm9FdMB0YSCzdC1IfiLLy+TeqnoXxTPb0v58vU8jiw6QsfoDPnoEpXRDaqiGqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPkKibrw==</latexit>

Continuous data limit yx

<latexit sha1_base64="Ndr2VpJNi9jBdZ7wKytBJUva0Zg=">AAAB+XicbVDLSsNAFL2prxpfUZduBovgqiRSqsuimy4r2Ae0oUymk3boZBJmJoUS+iduXCji1j9x5984abPQ1gMDh3Pu5Z45QcKZ0q77bZW2tnd298r79sHh0fGJc3rWUXEqCW2TmMeyF2BFORO0rZnmtJdIiqOA024wfcj97oxKxWLxpOcJ9SM8FixkBGsjDR3HtrNBhPWEYI6aC9seOhW36i6BNolXkAoUaA2dr8EoJmlEhSYcK9X33ET7GZaaEU4X9iBVNMFkise0b6jAEVV+tky+QFdGGaEwluYJjZbq740MR0rNo8BM5iHVupeL/3n9VId3fsZEkmoqyOpQmHKkY5TXgEZMUqL53BBMJDNZEZlgiYk2ZeUleOtf3iSdm6pXr9Yea5XGfVFHGS7gEq7Bg1toQBNa0AYCM3iGV3izMuvFerc+VqMlq9g5hz+wPn8AKsiSEg==</latexit>

H

learnable parameters

Transferability bound* [Sihag et al., 2024] *Assumption: data is a discretization of a common 
continuous model

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="AqiSb14E42tK16zXFN5YQeAKOBA=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4Kkkp6rHYi8cK9gPaGDbbTbt0Nwm7G6WE/A8vHhTx6n/x5r9x2+agrQ8GHu/NMDMvSDhT2nG+rbX1jc2t7dKOvbu3f3BYPjruqDiVhLZJzGPZC7CinEW0rZnmtJdIikXAaTeYNGd+95FKxeLoXk8T6gk8iljICNZGerCzQRCiZu5nwq/lfrniVJ050CpxC1KBAi2//DUYxiQVNNKEY6X6rpNoL8NSM8Jpbg9SRRNMJnhE+4ZGWFDlZfOrc3RulCEKY2kq0miu/p7IsFBqKgLTKbAeq2VvJv7n9VMdXnsZi5JU04gsFoUpRzpGswjQkElKNJ8agolk5lZExlhiok1QtgnBXX55lXRqVfeyWr+rVxo3RRwlOIUzuAAXrqABt9CCNhCQ8Ayv8GY9WS/Wu/WxaF2zipkT+APr8weR25Ht</latexit>

Cm2

Symmetric continuous
function 𝐖<latexit sha1_base64="3NtuYJabIMI+dPFhp9vlxnuG8hk=">AAAB9XicbVBNS8NAEJ34WeNX1aOXxSJ4KokW9VjsxWMF+wFtDJvtpl26m4TdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJJwp7Tjf1srq2vrGZmnL3t7Z3dsvHxy2VZxKQlsk5rHsBlhRziLa0kxz2k0kxSLgtBOMG1O/80ilYnF0rycJ9QQeRixkBGsjPdhZPwhRI/cz4V/kfrniVJ0Z0DJxC1KBAk2//NUfxCQVNNKEY6V6rpNoL8NSM8JpbvdTRRNMxnhIe4ZGWFDlZbOrc3RqlAEKY2kq0mim/p7IsFBqIgLTKbAeqUVvKv7n9VIdXnsZi5JU04jMF4UpRzpG0wjQgElKNJ8Ygolk5lZERlhiok1QtgnBXXx5mbTPq+5ltXZXq9RvijhKcAwncAYuXEEdbqEJLSAg4Rle4c16sl6sd+tj3rpiFTNH8AfW5w+TYJHu</latexit>

Cm3

<latexit sha1_base64="pFvr3WMR0b/GwmVD17UWcQ5j7fg="></latexit>

→ym1 ↑ y→ ↓ O

(
1

m3ω/2→1
1

)
, for ω ↔ (2/3, 1]

<latexit sha1_base64="YteRecMMzs4ygPjxJ1HFoRmX46U=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF48V7Ae0oWy2k3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHssHM0nQj+hQ8pAzaqzUKWW9ICTtab9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+75ScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY8GXCFzIiJJZQpbm8lbEQVZcZGVLIheMsvr5LWRdWrVWv3l5X6TR5HEU7gFM7Bgyuowx00oAkMBDzDK7w5j86L8+58LFoLTj5zDH/gfP4ANNWPcg==</latexit>

W

<latexit sha1_base64="h6eyxLdtsrOLMOJ5nODOdcDl5Yg=">AAACEnicbZDLSsNAFIYn9VbjrerSzWArtCAl6aIKbopuuqxgL9CUMJlO2qGTSZiZiCHkGdz4Km5cKOLWlTvfxulloa0/DHz85xzOnN+LGJXKsr6N3Nr6xuZWftvc2d3bPygcHnVkGAtM2jhkoeh5SBJGOWkrqhjpRYKgwGOk601upvXuPRGShvxOJREZBGjEqU8xUtpyCxVH+qZplpzWmJYTN3U8Hz5kV3AG3ew8dTBisJlVSm6haFWtmeAq2AsogoVabuHLGYY4DghXmCEp+7YVqUGKhKKYkcx0YkkihCdoRPoaOQqIHKSzkzJ4pp0h9EOhH1dw5v6eSFEgZRJ4ujNAaiyXa1Pzv1o/Vv7lIKU8ihXheL7IjxlUIZzmA4dUEKxYogFhQfVfIR4jgbDSKZo6BHv55FXo1Kp2vVq/rRUb14s48uAEnIIysMEFaIAmaIE2wOARPINX8GY8GS/Gu/Exb80Zi5lj8EfG5w8kEZtJ</latexit>

!(yx;W,H)
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VNNs are provably transferable  

VNN VNN

<latexit sha1_base64="8r8QgEsPZTz8gVIhtXr7BqRNthY=">AAAB+HicbVBNS8NAEJ3Urxo/WvXoZbEInkoiRT0We/FYwX5AG8Jmu2mXbjZhdyPUkF/ixYMiXv0p3vw3btsctPXBwOO9GWbmBQlnSjvOt1Xa2Nza3inv2nv7B4eV6tFxV8WpJLRDYh7LfoAV5UzQjmaa034iKY4CTnvBtDX3e49UKhaLBz1LqBfhsWAhI1gbya9WbDsbBiFq5X4W+W7uV2tO3VkArRO3IDUo0ParX8NRTNKICk04VmrgOon2Miw1I5zm9jBVNMFkisd0YKjAEVVetjg8R+dGGaEwlqaERgv190SGI6VmUWA6I6wnatWbi/95g1SHN17GRJJqKshyUZhypGM0TwGNmKRE85khmEhmbkVkgiUm2mRlmxDc1ZfXSfey7l7VG/eNWvO2iKMMp3AGF+DCNTThDtrQAQIpPMMrvFlP1ov1bn0sW0tWMXMCf2B9/gA8zJIx</latexit>

Cm1

<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)
<latexit sha1_base64="A+bM3tFQH6wVVKGRKA/4150t/Ik="></latexit>

�(xm1 ;Cm1 ,H)

0 1
<latexit sha1_base64="GbW6eigMBomwFXAErbt3bZbzp/4=">AAACC3icbVC7TsMwFHXKq4RXgJHFaovEVCUVAsYKFsYi0YfURJHjOK1Vx4lsB6mKurPwKywMIMTKD7DxNzhtBmi5kqWjc8491j1ByqhUtv1tVNbWNza3qtvmzu7e/oF1eNSTSSYw6eKEJWIQIEkY5aSrqGJkkAqC4oCRfjC5KfT+AxGSJvxeTVPixWjEaUQxUpryrZorI2iaLk8oDwlXptmIfacBUyR0mrZI07fqdtOeD1wFTgnqoJyOb325YYKzWMdhhqQcOnaqvLxIxIzMTDeTJEV4gkZkqCFHMZFePr9lBk81E8IoEfpxBefs740cxVJO40A7Y6TGclkryP+0YaaiKy+nPM0U4XjxUZQxqBJYFANDKghWbKoBwkLfjiEeI4Gw0vUVJTjLJ6+CXqvpXDTP71r19nVZRxWcgBo4Aw64BG1wCzqgCzB4BM/gFbwZT8aL8W58LKwVo9w5Bn/G+PwBu5yY+g==</latexit>

m1 partitions

<latexit sha1_base64="CO0YRPw0prEDIfxxCh5zG+rQSnQ=">AAAB9XicbVBNS8NAEJ34WeNX1aOXYCt4KkkR9Vj04rGC/YA2hs120y7d3YTdjVJC/ocXD4p49b9489+4bXPQ1gcDj/dmmJkXJowq7brf1srq2vrGZmnL3t7Z3dsvHxy2VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0gnHN1O/80ikorG415OE+BwNBY0oRtpID7ZtVydBlvHAy/NqUK64NXcGZ5l4BalAgWZQ/uoPYpxyIjRmSKme5ybaz5DUFDOS2/1UkQThMRqSnqECcaL8bHZ17pwaZeBEsTQltDNTf09kiCs14aHp5EiP1KI3Ff/zeqmOrvyMiiTVROD5oihljo6daQTOgEqCNZsYgrCk5lYHj5BEWJugbBOCt/jyMmnXa95F7fyuXmlcF3GU4BhO4Aw8uIQG3EITWoBBwjO8wpv1ZL1Y79bHvHXFKmaO4A+szx96apE4</latexit>ym1

<latexit sha1_base64="nNl2QhQffoGHNRuYqBgVRRAVw9A=">AAACEHicbVC7SgNBFJ2Nr7i+opY2g4loFXaDqGUwjWUE84AkhNnJbDJkdmaZuSuGJZ9g46/YWChia2nn3zh5FJp44MLhnHu5954gFtyA5307mZXVtfWN7Ka7tb2zu5fbP6gblWjKalQJpZsBMUxwyWrAQbBmrBmJAsEawbAy8Rv3TBuu5B2MYtaJSF/ykFMCVurmTtsmdF23oiRwmajE4B4BggWPOODCqJu2gxA/jAvdXN4relPgZeLPSR7NUe3mvto9RZOISaCCGNPyvRg6KdHAqWBjt50YFhM6JH3WslSSiJlOOn1ojE+s0sOh0rYk4Kn6eyIlkTGjKLCdEYGBWfQm4n9eK4HwqpNyGSfAJJ0tChOBQeFJOrjHNaMgRpYQqrm9FdMB0YSCzdC1IfiLLy+TeqnoXxTPb0v58vU8jiw6QsfoDPnoEpXRDaqiGqLoET2jV/TmPDkvzrvzMWvNOPOZQ/QHzucPkKibrw==</latexit>
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Experiments
Objective: Brain age gap prediction in HC (healthy) and AD+ (Alzheimer’s) cohorts from 
VNNs trained on 100-feature dataset [Sihag et al., NeurIPS, 2024 and JSTSP 2024]

• ROIs contributing to elevated 
brain age gap in AD+ across 
different resolutions

300 parcels 500 parcels100 parcels

• Brain age gap is elevated in 
AD+ w.r.t HC cohort in 100-
feature dataset

• Results on brain age gap 
retained after transferring 
VNN to 300 and 500-feature 
datasets

FTDC300 FTDC500FTDC100*
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Variants of VNNs



Sihag, Mateos, Isufi, Ribeiro                             Learning with Covariance Matrices: Foundations and Applications 75

Are VNNs enough?

Ø  Limitations of VNNs

• Sample covariance could be poor quality in low data, high dimensionality 

setting

• High computational cost (quadratic in size of matrix for dense covariance)

• No considerations of temporal, evolving data
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Sparse VNNs
Ø Sparse VNNs (S-VNN) rely on sparsification of sample covariance matrix

Ø Sparsification improves estimation quality

Ø Strategies to sparsify

• Hard thresholding 

• Soft thresholding

• Both thresholding strategies preserve stability in S-VNNs [Cavallo et al., 2024]
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ω(Ĉ)ij = ĉij if |ĉij | → ε/
↑
n, 0 otherwise
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ω(Ĉ)ij = ĉij → sign(ĉij)ε/n if |ĉij | ↑ ε/
↓
n, 0 otherwise
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Sparse Covariance Neural Networks (S-VNNs)
Covariance thresholding techniques

↭ When the true covariance is sparse:
→ Thresholding of the covariance improves estimation and stability

↭ Hard thresholding:
→ Definition: ω(Ĉ)ij = ĉij if |ĉij | ↑ ε/

↓
t, 0 otherwise

→ Stability bound:

↔H(C̄)x↗H(C)x↔ ↘ t→1/2Pc0
√

N logN(1 +
↓
2N) +O

(
t→1) .

→ c0 is number of non-zero elements in C̄, and c0 ≃ ↔C↔ ⇐ better stability!

Empirical covariance Hard-thr covariance Soft-thr covariance True covariance
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Sparse VNNs: Numerical results
Ø Train VNNs/PCA on one covariance and test on another covariance estimated 

from less samples (synthetic dataset)

34/53

Sparse Covariance Neural Networks (S-VNNs)
Numerical results - synthetic data

↭ Stability of S-VNNs
→ Hard-soft thresholding:
→ Compare PCA+SVM with VNNs: dense covariance, hard and soft thresholding
→ Train VNNs/PCA with one covariance and test with another covariance with less samples

0 200 400 600 800
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5.00
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E

Dense VNN

VNN-Hthr

VNN-Sthr

PCA

PCA-Hthr

PCA-Sthr

↭ Results
→ VNNs more stable than PCA
→ S-VNNs perform better than dense VNN

Results

• S-VNN (both soft and hard thresholding) 

outperform PCA and nominal VNNs

• VNNs more stable than PCA 
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Spatiotemporal VNNs
Ø VNN models discussed so far operate on static data

              non-trivial modifications needed to handle temporal, non-stationary data

Ø Spatio-temporal VNNs (STVNNs)

• Model design

1. Online covariance matrix estimate

2. Spatio-temporal coVariance  filter
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Ĉt+1 = ωtĈt + εt(xt+1)(xt+1)
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convolution
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SpatioTemporal Covariance Neural Networks (STVNNs)
Stability results

↭ STVNNs stability in practice
→ Time series forecasting
→ Train with one covariance, test with another covariance with fewer samples
→ Weather data (NOAA and Molene) and currency exchange rates (Exchange rate)
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↭ Results
→ STVNN more stable than PCA
→ Higher T , lower stability

Cavallo, Sabbaqi & Isufi. Spatiotemporal Covariance Neural Networks. ECML PKDD, 2024

79

Spatiotemporal VNNs
Ø STVNNs are stable to estimation errors in covariance [*]

Ø Numerical results

• Time series forecasting task (weather data and currency exchange rates)

• Train with one covariance, test with another estimated from fewer samples

[*] Cavallo et al., 2024
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Concluding Remarks

Ø Learning with covariance matrices
• Covariance matrices encode redundancies within dataset 
• their eigenvectors (principal components) inform the directions of 

maximum variance
• PCA-driven methods can be unstable
• PCA operates restricted to datasets of same dimensionality

Ø CoVariance neural networks (VNNs)
• VNNs provide GSP-motivated implementation of PCA
• Stable outcomes, transference across multiscale datasets
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Concluding Remarks

Ø Emerging areas we did not cover in detail

• Sparse VNNs: sparsifying covariance matrix [Cavallo et al., 2024]

• Spatiotemporal VNNs: temporal datasets [Cavallo et al., 2024]

• Fair VNNs: unbiased outcomes with VNNs [Cavallo et al., 2025]

• Optimality of covariance matrices: suitability of covariance to learning task

      [Khalafi et al., 2024]

• Application to brain age gap prediction [Sihag et al., 2024; 2025]
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Principled brain age gap prediction with VNNs
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Ø Data sample corresponds to measurement associated with 

    brain (cortical) surface

Ø Brain surface is divided according to brain atlases

             datasets may have distinct dimensionalities

Ø Multi-resolution brain atlas discretizes brain surface at multiple resolutions 

     (for e.g., Schaefer’s atlas has resolutions 100-1000)

Neuroimaging Data: Basics

84

Figure 2: Anatomic features and anatomic covariance matrix.

stratification in the spirit of this paper have relevance for precision medicine, as such advancements77

can lead to actionable insights quickly with relatively less time and resource consumption.78

The key contribution of this paper lies in providing a principled approach of leveraging reconstructed79

anatomic features derived from coVariance neural network (VNN)-driven (supervised) autoencoder80

to achieve better clinical stratification than that possible by standard anatomic features extracted from81

structural MRI. VNNs have recently been studied as graph neural networks (GNNs) operating on82

the sample covariance matrix graph, to advance the theoretical and empirical principles of statistical83

inference [29–34]; see supplementary material for a review of VNN models and their previous84

applications in neuroimaging data analysis and computational neuroscience.85

2 A VNN-driven approach to transforming anatomic features86

Preliminaries. The setups of the anatomic features and anatomic covariance matrix are illustrated87

in Fig. 2. In this paper, the anatomic features are derived from structural MRI, with each element88

representing a statistic (such as cortical thickness) associated with a distinct brain region. Moreover,89

the anatomical covariance matrix provides the graph representation of the inter-relationships between90

different anatomic features across the whole brain [35]. Anatomic features and anatomic covariance91

matrix hold significant relevance in computational neuroscience, where recent works on morphometric92

similarity networks have generalized the concept of anatomical covariance to include multiple93

modalities of information inherent within structural MRI [36] and demonstrated their relevance to94

identifying biomarkers [37].95

To set up the VNN-driven approach technically, consider a dataset consisting of n individuals, whose96

anatomic features are represented by m-dimensional vectors, such that, the vector of anatomic97

features for individual i is given by xi → Rm→1. The anatomic covariance matrix for this dataset is98

estimated as99

C ↭ 1

n ↑ 1

n∑

i=1

(xi ↑ x̄)(xi ↑ x̄)T , (1)

where x̄ is the sample mean of anatomic features across the dataset. Similar to GNNs that leverage100

linear-shift-and-sum operators over matrix representation of a graph as graph filters [38–40], the101

convolution operation in a VNN is modeled by a coVariance filter, given by102

H(C) ↭
K∑

k=0

hkC
k , such that, output z = H(C)x for input x → Rm→1 (2)

The scalar parameters {hk}
K
k=0 are the filter taps that are learned from the data. Note that the103

application of coVariance filter preserves the shape of the input x at the output z.104

coVariance filters and PCA. The foundational works on VNNs have leveraged the eigendecom-105

position of the covariance matrix C to establish that coVariance filter is fundamentally similar to106

the well-known principal component analysis (PCA)-transform [29, 32]. Specifically, given the107

eigendecomposition C = V!V
T, where V is the matrix of eigenvectors of C and ! is a diagnonal108

matrix of eigenvalues {ωi}
m
i=1 ordered as ω1 ↓ ω2 · · · ↓ ωm, it can be readily checked that109

V
T
z = h(!)VT

x where h(!) =
K∑

k=0

hk!
k

3
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Brain age gap is a marker of neurodegeneration
Ø Individual rate of “aging” is different from chronological rate of aging

• Driven by environment,  genetics, behavior, neurodegeneration

Ø Brain age provides a biological estimate brain age, derived from brain 

imaging modalities

Ø The brain age gap is the deviation between brain age and chronological 

age
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Brain age gap evaluation using ML
Step 1. Train ML model to predict chronological age for healthy controls from cortical thickness features
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ML model

ML ModelNeuroimaging data from 
healthy individuals
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Brain age gap evaluation using ML

Step 2. Linear regression-based age-bias correct for outputs of ML model

Step 1. Train ML model to predict chronological age for healthy controls from cortical thickness features

True age

perfect fit 
line

Least squares line
obtained on outputs of 

ML model

ML Model

Data from 
all cohorts

Age-bias 
correction

Brain age gap = 
Bias-corrected ML model 

output – True age
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Neurodegeneration

ML Model

Neuroimaging data from 
healthy individuals

Step 3. Obtain brain age gap for healthy controls and individuals with neurodegenerative condition.
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Choice of learning parametrization

ML Model
Age-bias 

correction

Brain age gap = 
Bias-corrected VNN 

output – True age
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Neurodegeneration

Neuroimaging
 data

Ø Choice of ML model determines how information is leveraged to gauge brain age 

Ø Prevalent approaches leverage neural networks as ML model to achieve best fit on healthy 

population: Performance-driven approach

Ø Performance-driven approaches do not necessarily lead to a `meaningful’ brain age gap
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Choice of learning parametrization

Ø Neural networks are prevalent in performance-driven approaches

Ø A Neural Network may not be interpretable and prone to overfitting

                 methodological obscurity in brain age gap prediction pipeline
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Adoption of principles 1–4 in brain age gap prediction will 
fundamentally shift the primary focus to age-T  prediction as a 
biomarker, rather than being a by-product of age prediction in 
performance-driven approaches.

Our discussion in “Adding Mathematical Depth to Brain 
Age Gap Prediction” summarized the desirable mathemati-
cal principles behind brain age gap prediction to improve 

its practical viability. Traditional ML methods or the preva-
lent deep learning models adhere to some but not all of the 
aforementioned principles. For instance, a PCA-regression 
model could address the requirements of principle 2 via a 
transparent evaluation of ,age-T  but at the same time, such 
a model may suffer from instability [32]. At the other end 
of the spectrum, deep learning models can offer improved 
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FIGURE 1. Performance-driven approaches to T-age prediction prioritize a near-perfect fit on the chronological age of the HC, yet they lack the conceptual 
or statistical justifications to ensure the relevance of inferred T-age as a biomarker for neurodegeneration.

It is unlikely that the conceptual gap in performance-driven 
approaches regarding the statistical dependency between 
the accuracy of the model during training on healthy individ-
uals and T-age as a biomarker for neurodegeneration can 
be bridged with experiments alone. Therefore, the develop-
ment of relevant mathematical principles is critical for a via-
ble and generalizable practical methodology. To this end, 
we identify the following four mathematical principles:
1) Principle 1—Focusing on T-age as a residual of regres-

sion tasks. The residuals of the regression models in-
form the T-age estimates when the machine learning 
(ML) model is deployed to predict chronological age 
for individuals with adverse health conditions. Hence, 
it is paramount to focus on the structure and statistics of 
the residuals of the age prediction model, rather than 
the age prediction task itself, to validate the viability of 
T-age as a biomarker.

2) Principle 2—Shift the focus to a qualitative evaluation of 
ML models trained on the healthy population. It is key to 
go beyond the performance on the chronological age 
prediction task and instead focus on a holistic character-
ization of the representations that the ML model learns 
when exposed to data from the healthy population.

3) Principle 3—Transference of pretrained age prediction 
models to neurodegenerative cohorts for constructing D
-age as a biomarker. In principle, predicting D -age in 

neurodegenerative cohorts can be perceived as an un-
supervised transfer learning problem, where we expect 
a degradation in performance. This problem is unsuper-
vised because the expected amount of drift in model 
performance is unknown (i.e., there is no ground truth for 
brain age in neurodegenerative cohorts). It would be de-
sirable to identify the specific deviations in the informa-
tion processing pipeline itself, which are the contributors 
to the elevated T-age observed in neurodegeneration.

4) Principle 4—Generalizability beyond specific dimen-
sionality of the data. Due to the existence of different 
brain atlases, the neuroimaging datasets that charac-
terize the same population can have arbitrary dimen-
sionalities in independently conducted studies [S7]. This 
creates a challenge for reproducibility of findings as 
the prevalent performance-driven approaches in both 
traditional ML and deep learning are limited within the 
dimensionality of the dataset on which they have been 
trained. To address this challenge, we need mathemati-
cal principles that govern the reproducibility of findings 
derived using an ML model across datasets of different 
dimensionalities, without being retrained from scratch.

Reference
[S7] T. A. Woolsey, J. Hanaway, and M. H. Gado, The Brain Atlas: A 
Visual Guide to the Human Central Nervous System. Hoboken, NJ, USA: 
Wiley, 2017.

Adding Mathematical Depth to Brain Age Gap Prediction
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VNNs provide an anatomically interpretable and explainable brain age gap
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VNNs provide an anatomically interpretable and explainable brain age gap

Brain regions with elevated 
regional residuals in neurodegeneration

Contributing regions to elevated 
brain age gap in neurodegeneration
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Experiments

Ø Participants from OASIS-3 dataset [*], 148 cortical thickness features per individual           
                                                                                                                             (Distrieux brain atlas) 

[*] Pamela J LaMontagne, et al. OASIS-3: longitudinal neuroimaging, clinical, and cognitive dataset for normal aging and Alzheimer disease. MedRxiv, 2019

HC AD
Number 611 194

Age 68.38 (7.62) 74.72 (7.02)

Sex (m/f) 260/351 100/94
CDR sum of boxes 0 3.45 (1.74)

CDR: Clinical dementia rating
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Ø Brain age gap is elevated in AD group and correlated with CDR sum of boxesRobustness of regional 
residuals being elevated in AD+ 
with respect to HC (evaluated 

across 100 VNN models)

Association between 
regional residuals (AD+) and 

CDR Sum of Boxes

a b c

Mean Pearson’s correlation 
across 100 VNN models

d
<latexit sha1_base64="78GLJVEHmT6KPLKh0hnfAnVatXI="></latexit>

⇢ = 0.474 (p-value = 2.88⇥ 10�12)
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50 0.2Anatomical interpretability

HC group: cognitively normal
AD group: AD diagnosis
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Ø VNN distinctly exploits eigenvectors in AD and HC groups

              explains anatomical interpretability of brain age gap in AD

94

Experiments
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NIFD, and PPMI datasets, and the associated results for APD
and FTD disease groups are illustrated in Fig. 3b and Fig. 3c,
respectively. The HC group for 4RTNI and NIFD datasets
was the same and had !-Age = 0 ± 2.33 years. The !-Age
for FTD disease group was 6.17± 4.55 years and that for the
APD group was 2.49±3.09 years, suggesting that FTD group
exhibited more significant accelerated aging. The !-Age in
FTD group was characterized by superior frontal region in
the left hemisphere, bilateral entorhinal, parahippocampal,
and superior temporal regions, and relatively less prominent
contributions from bilateral precentral regions, which are part
of the motor cortex. FTD is characterized by neurodegener-
ation in the regions in frontal and temporal lobes [27], and
hence, the anatomic characterization in Fig. 3c captures their
impact in the form of elevated !-Age. The !-Age in APD
group was characterized by brain regions comprising bilat-
eral superior temporal, precentral, and occipital lobes. The
CBS and PSP pathologies in APD group exhibit symptoms
similar to PD in terms of motor dysfunction, but are also char-
acterized by cognitive dysfunction and typically rapid decline
in function relative to PD [28]. Hence, the implication of
regions in the motor cortex and occipital lobe in Fig. 3b is
relevant to the disease characteristic in APD. Interestingly,
unlike the other disease groups, no significant difference in
!-Age was observed in the PD group relative to its respective
HC group (Fig. 4).

Explainability of !-Age. Next, we analyzed the inner prod-
ucts between the regional residuals derived from the represen-
tations learned by VNNs and the eigenvectors of the anatomi-
cal covariance matrix. The eigenvectors of the anatomical co-
variance matrix were organized from 0 to 67, with the eigen-
vector 0 associated with the largest eigenvalue and the 67-
th eigenvector associated with the smallest eigenvalue. The
inner product metrics were significantly different (ANOVA,
p-value < 0.0001) between the AD group and HC groups
for the eigenvectors 0, 1, 2, and 6 of the anatomical covari-
ance matrix (Fig. 5a). Thus, the VNN model processed the
cortical thickness features for AD group significantly differ-
ent relative to the HC group leading to distinct distributions
in !-Age in Fig. 3a, and these differences were dictated by
variations in how the VNN exploited the eigenvectors of the
anatomical covariance matrix for AD and HC groups.

Similar results were obtained for the FTD cohort, where
the most significant group differences in the inner prod-
uct measures were observed for eigenvectors 0, 1, 4, and 5
(Fig. 5b). Thus, the variations in how the VNN exploited the
eigenvectors of the anatomical covariance matrix for FTD
and HC groups explained the variations in !-Age in Fig. 3c.
Notably, the inner product measures were significantly differ-
ent between the APD and HC groups only for eigenvector 8,
which explains the relatively smaller elevation in !-Age in
the APD group relative to FTD or AD groups in Fig. 3.

Fig. 4. !-Age for PD and respective HC group.

Fig. 5. Explaining !-Age in disease groups ((a) AD and (b)
FTD) in terms of the group differences between inner prod-
ucts of VNN representations and eigenvectors of anatomical
covariance matrices. (→→→→ : p-value → 1 exp↑4)

5. DISCUSSION

The results in Fig. 3 illustrate that the distributions of !-Age
estimates can be substantially overlapping across different
diseases. Hence, !-Age, by itself, is not a sufficient indi-
cator to characterize a disease. In this context, the anatomic
characterization of !-Age offered by VNN embellishes its
informative aspect about neurodegeneration. Notably, the
anatomic characterizations of !-Age for AD, FTD, and ATP
disease groups were unique and characteristic of the respec-
tive diseases.
Comparison with existing literature. Existing studies in
this domain are focused primarily on brain age prediction,
which is to be contrasted with this paper’s focus on !-Age
prediction. Moreover, existing studies utilize the state-of-
the-art post-hoc, model-agnostic methods, such as, SHAP,
LIME [29], saliency maps [30], and layer-wise relevance
propagation [31] to explain the brain age predictions. These
methods add anatomical interpretability to brain age esti-
mates by assigning some importance to the input features
(often associated with specific anatomic regions). Unlike
these approaches, we leverage the inherent explainability
of the VNN model and our results bring into focus the the
properties that a VNN gains when it is exposed to the infor-
mation provided by chronological age of healthy controls and
whether and how these properties translate to a meaningful
!-Age estimate.
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Recap: Transferability of VNNs cross-validates brain age gap in multi-resolution setting

Objective: Brain age gap prediction in HC (healthy) and AD+ (Alzheimer’s) cohorts from  
                    VNNs trained on 100-feature dataset

• ROIs contributing to elevated 
brain age gap in AD+ across 
different resolutions

300 parcels 500 parcels100 parcels

• Brain age gap is elevated in 
AD+ w.r.t HC cohort in 100-
feature dataset

• Results on brain age gap 
retained after transferring 
VNN to 300 and 500-feature 
datasets

FTDC300 FTDC500FTDC100*


